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Vulnerable Options in Supply Chains:
Effects of Supplier Competition

Abstract

This paper presents valuation of inventory-reorder options in a competitive environment with de-
faultable suppliers. Analysis of a single period model of a supply chain with two suppliers, a
retailer, and exogenous sources of defaults, leads to a number of surprising observation on the
effects of the supplier credit risk and competition on the value of the deferment option, retailer’s
procurement and production decisions, suppliers’ pricing decisions, and firms profits. In particular,
when wholesale prices are fixed, introduction of the deferment option may benefit the supplier with
longer production lead-time at the expense of the supplier with shorter production lead-time and
there are conditions for the retailer’s profit to be increasing in default correlation. When wholesale
prices are allowed to vary, analysis of the game between suppliers shows that introduction of the
deferment option diminishes competition between suppliers and, thus, hurts the retailer if supplier
defaults are highly correlated. On the other hand, retailer’s profit is increasing in supplier default

correlation if the level of correlation is low.



1 Introduction

Cost of purchased materials constitutes more than 50% of total sales for an average manufactur-
ing firm [see Subramaniam (1998)], and, therefore, a significant portion of a firm’s investment is
exposed to supplier default risk. Even temporary supply disruptions may force a firm to incur
additional costs of outsourcing and expediting and to pay penalties for defaulting on obligations to

its customers.

Recent reports by credit rating agencies indicate that the corporate default rates have peaked
at record high levels (10% default rate for high yield bonds in 2002) while recovery rates have sunk
to record low levels (20% of par). Consequently, in the current state of the economy, the exposure

to supplier credit risk is an important consideration for firms.

Concerned with supplier default risk, a firm (retailer) may profit by procuring from several
suppliers, provided that diversification benefits surpass the losses from the higher wholesale prices
and from the costs of transforming firm’s production process to accept raw materials from multiple
sources. Moreover, because of the discrepancy in the production lead-times among suppliers, the
retailer, having ordered from the slowest supplier initially, has an option to continue increasing order
size over time by contracting with other, faster suppliers. The option to defer ordering decisions
could be very valuable because it gives the retailer the flexibility to respond to market events and

to supplier defaults.

Intuitively, the benefits to the retailer from procuring from several suppliers should grow as
the default correlation decreases (this is similar to the diversification of portfolio risk argument in
finance) and, because of the option to defer, as the market volatility increases. However, according
to Babich, Burnetas and Ritchken (2003), without deferment, the benefits to the retailer from
procuring from several suppliers need not increase in the default correlation if the wholesale prices
are endogenous to the problem (the problem is no longer a portfolio selection problem). If the
suppliers have a significant bargaining power and compete in price for the retailer’s business, Babich
et al. (2003) demonstrate that the benefits of competition dominate the benefits of diversification

and the retailer prefers suppliers whose defaults are highly positively correlated.

Answers to “What is the role of deferment when prices are set endogenously?” and “How do
market volatility and the default correlation affect the deferment value when the suppliers compete

in price for the retailer’s business?” are not clear a priori.



Suppliers with the faster production technology have an option as well — an option to defer
pricing decisions until some of the market uncertainty and default uncertainty is resolved. In some
situations the retailer might find ex-ante contracts to be too expensive or impossible to enforce [see
discussion on incomplete contracts in Van Mieghem (1999) and references therein]. Thus, if the
powerful suppliers can change wholesale prices at will, the retailer will anticipate a renegotiation
of contract terms. Assuming that this is the case, we define deferment option as the option held
collectively by the fast suppliers and the retailer to postpone negotiations regarding wholesale prices

and order quantities.

Besides prices, suppliers also decide whether to invest in a faster production technology in the
first place. “What is the value of the deferment option for the suppliers?” and “Under which
condition would suppliers profit from shorter production lead-times?” are interesting research

questions.

The analysis of this problem is complicated by the fact that the deferment option is vulnerable,

that is it could be rendered valueless by a supplier’s default.

To address these and other research questions, we adopt a single period, multi-stage model of a
two-echelon supply chain with two competing risky suppliers and a single retailer. The retailer, who
is facing an uncertain future retail price and has a limited production capacity, decides on order
quantities. The suppliers, whose defaults are correlated, control wholesale prices. The retailer and
the suppliers may negotiate contracts stipulating order quantities and wholesale prices at time O.
Alternatively, the retailer and the supplier with the faster technology can postpone negotiations,
both taking advantage of the deferment option. Contrasting the two cases, we can compute the
effects of the deferment option on profits of the retailer, the suppliers, and the channel and study
how these effects depend on model parameters (e.g. the default correlation and the retail price

volatility).

We solve stochastic games between suppliers and the retailer (a Nash game in the scenario
without deferment and a Stackelberg game in the scenario with deferment), derive the equilibrium
retailer’s ordering policies, the equilibrium suppliers’ pricing policies, the equilibrium profits, and

compute the deferment option values.

Among other results we find that even when wholesale prices are exogenous, but deferment

option is present, the retailer’s profit could be increasing in the default correlation. Furthermore,



although the retailer always benefits from the deferment option, the fast supplier profits from the
deferment option only under certain conditions. Surprisingly, the introduction of the deferment
option could benefit the slow supplier, because the retailer would treat the fast supplier as a back-
up facility and would increase the order quantity to the slow supplier. We identify conditions under
which the introduction of the deferment option is a Pareto improving decision. The value of the
deferment option to the retailer depends on the default correlation in a non-monotone way, and
furthermore, the sensitivity of the option value to the default correlation depends on the level of

the retail price volatility.

When wholesale price are endogenous and in the presence of the deferment option the outcome
of the Stackelberg game between firms depends on the level of the default correlation. If supplier
defaults are highly correlated the competition between suppliers breaks down and the slow supplier
charges monopolist prices and makes monopolist profits. The retailer’s profit in this case is 0.
At the intermediate correlation levels, there is some competition between suppliers but the slow
supplier charges even higher than monopolist price leaving 0 profits to the retailer. The profit of
the slow supplier is increasing in the default correlation, while the profit of the fast supplier is the
same as in no option case and is decreasing with the default correlation. Finally, if supplier defaults
are negatively correlated (or slightly correlated), the profits with the deferment are the same as the
profits without deferments and, therefore, suppliers’ profits are decreasing in the default correlation
while the retailer’s profit is increasing in the default correlation. With endogenous wholesale prices
the retailer never profits from the deferment option while the suppliers can never be worse off, with

the slow supplier collecting the majority of the deferment option benefits.

Therefore, when wholesale prices are endogenous, the retailer prefers suppliers with identical
lead times, because it enhances the competition between suppliers. However, ceteris paribus, if a
faster technology is available to a supplier at a reasonable price, then retailer’s preference will not

be honored. The supplier will invest in the faster technology and profit from the deferment option.

There is a substantial body of literature that considers the value of options (or flexibility, in
general) in supply chains as a hedge against demand uncertainty or channel coordinating mecha-
nism. For example, Barnes-Schuster, Bassok and Anupindi (2002) study a two period, single-buyer,
single-supplier model where demand for the buyer’s product is correlated between periods. The
buyer can purchase options that give her a right, after observing the demand in period 1, to adjust

order quantity for period 2. The supplier, who can use either slow and cheap or fast and expensive



production modes, makes production decisions trying to satisfy buyer’s demand. Authors compute
the equilibrium value of options for the buyer and study the effects of various model parameters
(demand risk, demand correlation) on the option values. They also analyze the effect of options in

channel coordination.

Burnetas and Ritchken (2000) investigate the role of call and put reorder options on the equilib-
rium solution of a Stackelberg game between a single supplier and a single retailer in a single period
model with downward sloping demand curve. The authors show that the introduction of option
could benefit all firms, however, there are circumstances (high variability of demand uncertainty)
when the retailer is made worse off with options. The latter observation is similar to our conclusion
that when suppliers, who are Stackelberg leaders, control wholesale prices the retailer could suffer

from the introduction of deferment options.

The benefits of shorter lead-times that allow firms to defer decisions while learning about market
uncertainty were studied by Iyer and Bergen (1997). They show that reducing lead times need not
be good for the supplier, because it reduces expected retailer’s order, thus reducing supplier’s

expected profit. We derive analogous results in our model with fixed wholesale prices.

Several papers assume that, similar to our model, there are several sources of raw materials for
the retailer. Elmaghraby (2000) and Minner (2003) offer surveys of research on multi-sourcing in

supply chain management.

Serel, Dada and Moskowitz (2001) consider a multi-period model where the retailer, besides
reserving capacity of the long-term supplier, can aquire raw materials on the spot market. The
presence of the spot market exerts competitive pressure on the long-term supplier and alters the

equilibrium solution of the game between the supplier and the retailer.

In the multi-period discounted profit maximization model by Kouvelis and Milner (2002) a firm
faces a stochastic demand and a stochastic supply. To meet its needs for non-core activities the
firms can either produce products internally (using supplier owned by the firm) or rely on outside

suppliers.

An excellent review of research papers dedicated to studying quantity flexibility, effects of short-
ening lead-times, buy-back and return policies, is offered by Tsay, Nahmias and Agrawal (1999),

along with classification and review of other research on contracts in supply chain management.

However, to the best of our knowledge, this paper is the first one to study the value of vulnerable



deferment options and their effect on supply chains in a stochastic game setting with multiple

competing risky suppliers under both market and supply uncertainty.

Financial vulnerable options were first studied by Johnson and Stulz (1987) using Merton (1974)
model of credit risk. The authors show numerically that premature exercise of the vulnerable
American options may be optimal. Another model for valuation of vulnerable options in the general
Merton’s framework was offered by Hull and White (1995). Exogenously driven defaults are better
described using intensity type models of credit risk. Papers by Jarrow and Turnbull (1995) and
by Duffie and Singleton (1999a) are representative of research on valuation of vulnerable options

under the intensity framework.

The mathematical analysis in this paper would still be valid if disruptions in supply were caused
not by financial defaults but by other events such as natural disasters, labor strikes, machine fail-
ures. However, very active and fast growing financial market for credit risk securities® facilitates
estimations of risk-neutral default distributions, whereas estimation of distributions due to “nat-

ural” events could be more problematic.

The rest of the paper has the following structure. Section 2 describes the model. Section 3
introduces the retailer’s production option as a solution of the last stage in the retailer’s three
stage stochastic program. Section 4 computes the deferment option value and analyzes the effects
of the default correlation and the retail price volatility on firm profits and the option value when
wholesale prices are exogenously fixed. Section 5 repeats this analysis for the model with endogenous

wholesale prices.

2 Model. Assumptions.

We consider a one period, multi-stage model of a two-echelon supply chain with two competing,
risky suppliers and a retailer. The suppliers and the retailer are maximizing their expected (with
respect to a risk-neutral measure) discounted profits. We assume that the conditions necessary
for the existence of a risk-neutral pricing measure are satisfied [see, Harrison and Kreps (1979),

Harrison and Pliska (1981)].

All firms have complete and symmetric information about the problem.

!The first credit derivatives appeared in 1993. In 1997, the notional amount of credit derivative securities was $55

billion. In 2002, the notional amount of credit derivative securities was $573 billion [source: OCC (2002)].



The retailer’s variable production cost is cg, its production lead-time is L, and its production
capacity is D which, for simplicity, is assumed to be fixed. The product offered by the retailer is
perishable and is in demand for a short while at time T'. The retailer is a price taker and will sell
the final product at time 7' at an exogenously given, random, retail price S(T"). We assume that
the evolution of retail price S(t) over time can be described by a geometric Wiener process (under
a risk-neutral measure):

% = pdt + odz, (1)

where 11 need not be equal to the risk free rate r because of storage costs and convenience yield?
to the users of the final product. Define 6 = r — . Traditionally, the operations literature assumes
that the prices are known and demand is stochastic [a notable recent exception is a paper by Li
and Kouvelis (1999) who study supply contracts in an environment with deterministic demand
and stochastic wholesale prices that follow a geometric Wiener process similar to (1)]. Conversely,
the marketing literature usually assumes random prices and known demand. Because demand
and prices are related through supply in micro-economic equilibrium, these two approaches are
conceptually equivalent. We assume that the retailer’s production capacity, D, is too small to
affect total supply, so we introduce market uncertainty in retail prices rather than demand for

analytical convenience.

Suppliers employ production technologies with lead times of L;,7 = 1,2. Without loss of
generality, assume that Ly > Ly and denote o =T — Lr and 71 = T — Lr — Lo. Supplier’s variable
production costs are ¢;,7 = 1,2 such that ¢; < cy. See Figure 1 for the timeline and the notation

of the model.

The disparity in production lead-times of the suppliers furnishes the retailer with a valuable
option to delay the ordering decision and to observe the evolution of the retail price, S, and suppliers’
defaults. Without credit risk, by analogy with the optimal exercise policy for financial American
call options, the retailer should delay ordering from supplier 1 until time T'— Lz — Ly and from
supplier 2 until time T'— Lr — Lo. However, if an option is vulnerable (that is if a counterparty that
has written this option can default) then, as Johnson and Stulz (1987) show for financial options, a
premature exercise could be optimal. We assume that the retailer’s storage costs are exorbitantly
high. Therefore, the finished product has to be sold immediately and, in addition, the production

must commence right after the raw materials have been provided by a supplier. Consequently, the

*For a discussion of convenience yields, see Dixit and Pindyck (1994) and Hull (2000).



Figure 1: Timeline and notation.
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retailer will not order from supplier 1 prior to T'— Lz — L1 (designated as time 0) and from supplier

2 prior to time 7y =T — Li — Lo.

The exact sequence of events during planning horizon, [0, T, depends on the type of contractual
arrangements between the suppliers and the retailer. One possibility is for the firms to negotiate
at time 0 contracts that stipulate wholesale prices and order quantities for both suppliers. Al-
ternatively, the retailer and supplier 2 may defer the negotiation until time 7. The outcome of
the negotiation depends on the bargaining power of the suppliers and the retailer. In Section 4
wholesale prices are fixed and assumed to be know to the retailer before time 0. In Section 5,
which considers a model with endogenous wholesale prices, the suppliers are Stackelberg leaders
that announce their prices before the retailer makes ordering decisions. Thus, supplier 1 chooses
her price K at time 0. The retailer immediately responds by ordering z units from supplier 1. At
time 7 supplier 2 announces her price M, the retailer responds by ordering ¢ units from supplier 2.
At time 79 the retailer decides on the size of the production batch x. The finished product is sold

at time T at retail price S(T). The units in the model are adjusted so that a unit of the retailer’s



finished product requires a unit of the supplier’s product.

Exogenous events may cause a supplier’s default at any time. The default process and the retail
price process (1) are independent and doing business with the retailer does not affect the suppliers’
default distribution. For tractability, we assume that, if a supplier defaults prior to completing
retailer’s order, the entire order is lost (recovery rate is 0). This could be the case when the entire
production process has to be completed before the supplier’s product becomes usable and defaults
(or other disruptions) are so violent that they cause a shutdown of the supplier’s operations. In
random yield terminology, the yield function ((-) has a Bernoulli distribution [see Sobel (1995)
for properties of yield functions and discussion of various yield functions]. Suppliers’ defaults may
be correlated. The finance literature models correlated defaults using various methods: though
correlated default intensities [e.g. Jarrow and Yu (2001)], by introducing stochastic processes for
joint defaults [e.g. Duffie and Singleton (1999b)], and using copula functions [e.g. Schénbucher and
Schubert (2001)]. Because in our model the decisions are made at specific time points, the firms
need to know only joint default probabilities over intervals between decision points. Therefore,
modeling complexity and data requirements for correlated defaults in our model are significantly
reduced compared to the financial models mentioned above. We will refer to the time interval [0, 71]
as the first stage, to the time interval [1, 73] as the second stage, and to the time interval [ro, T']
as the third stage. Let 71%, k = 1,2 be the default probability of supplier £ during the first stage
(superindex indicates the stage). Furthermore, let ph be the probability that both suppliers will
defaults during the first stage, pi, be the probability that the first supplier will default and the
second supplier will survive during the first stage, etc. The joint default probabilities, p}j, and the

marginals, W]i, satisfy the following relationships:

1 1 1 1 1 1 1 1
P00s Po1s P10, P11 = 05 poo +Po1 + P10t r1n = 1 (2a)
Poo+Plo=1—my; pho+po=1—m; Ppi+Dpio=71; Pli+Po= T (2b)

2
ij|mn’

Conditional on the events during the first stage we define joint default probabilities p i,J,m,n €
{0,1} and the marginals 772‘ s B = 1,2 for the second stage (again, superindex indicates the stage).
For example, ﬁioo is the probability that the first supplier will default in the second stage given
that both suppliers survived the first stage, F%IOl is the probability that first supplier will default in
the second stage given that first supplier survived first stage and second supplier defaulted during
the first stage, 7T§|00 is the probability that the second supplier will default in the second stage

given that both suppliers survived first stage, etc. Similarly, p(2)0\00 is the conditional probability



that both suppliers will survive second stage given that neither supplier defaulted during the first
stage, p%0|10 is conditional probability that the second supplier will survive second stage given that
first supplier defaulted during the first stage and the second supplier survived the first stage, etc.
Second stage joint default probabilities and the marginals satisfy relationships similar to (2). To
denote default probabilities over first two stage we will omit superindex. For example, pgg is the

probability that both suppliers survive the first two stages.

In the numerical examples we will assume that supplier default distributions are symmetric
(that is 7f = s = 7!, ﬁ%‘oo = 7T§|0 = 71‘200, m = my = w) and that the following parameters
are given: m! — probability of supplier’s default in the first stage, @ — probability of supplier’s
default in the first two stages, £ — a magnifier of marginal default probability in the second stage
if a default occured in the first stage (p%1|01 = 57?%00 and p%l‘lo = £7T§|00), p(l)o — probability that
both suppliers will survive the first stage (represents default correlation in the first stage), pog —
probability that both suppliers survive the first two stages (represents default correlation in the first
two stages). These parameters, which can be inferred from prices of financial securities, uniquely

describe the symmetric joint default distribution of suppliers’ defaults.

3 Stage three retailer’s subproblem

Suppose that the retailer has X units of raw materials in inventory at time 75 < T and has to

decide how many units = to produce to satisfy demand at time 7. The retailer’s problem is

—r(T—72) _
. {e E,[S()] - cr}w, (3)

where F.,[] is an expectation conditional on the information up to time 79. The retailer will
commence production only if

e TR B [S(T)] 2 e (4)

Using the definition for the S process (1) we find that e"T=2)E_ [S(T)] = ¢ %T~7)S(ry) and

0(T=72) > ¢p (vecall § = r — ). Therefore, the retailer’s expected

rewrite condition (4) as S(m2)e”
profit at time 7o is

[S(m)e?T=) — cp " min(X, D). 5)

The expected profit of the retailer at time 79 [equation (5)] is equal to the payoff of min(X, D)

o—3(T—1)

call options on the process S(t) = S(t) with exercise price cg and expiration date 7o. Let



V(t) = e "™ D E,[S(r3) — cg]T denote the value of one such option at time ¢ < 75. Note that the

evolution of § (t) under the risk-neutral measure is described by

% = rdt + odz. (6)

In some of the subsequent sections, to facilitate analysis of the model and computations, we will
assume that cp = 0. In this case, the retailer’s expected profit at time 7o [equation (5)] becomes

9

S(79) min(X, D) and option value V (¢) = S(t).

4 Exogenous wholesale prices

Assume that wholesale prices K > ¢; and M > ¢y are given exogenously. For example, if the
retailer wields great market power or if the channel is centralized, K = ¢y and M = c3. The

retailer is the only decision maker in this model.

4.1 Profits without deferment

Wholesale prices are fixed and at time 0 the retailer decides how much to order from each of the
suppliers. The retailer’s problem is:

max{ —Kz— (1 —7h)e” ™ My +

! (7)

+ Vo [po1 min(D, 2) + p1o min(D, y) + poo min(D, z + y)]},

where V) = V(0) is the value of option defined in Section 3. Supplier 2 receives M from the retailer
and pays production cost, ¢o, per unit of product at time 7;. Denote by M = (1— F%)G_TTIM the
expected present value of M and by ¢ = (1 — mi)e "¢y the expected present value of c3. Then

expected profits of the suppliers are

Supplier 1 Supplier 2 @®
8

(K_CI)Z(KvM) (M_E2)y(K7M)
The following proposition [which is similar to results derived by Babich et al. (2003)] introduces
the optimal solution to problem (7). Let R* denote the optimal expected profit of the retailer, S}
denote the optimal profit of supplier 1, S5 denote the optimal expected profit of supplier 2, and Q*

denote the optimal expected profit of the channel. For simplicity, assume that when the retailer is

indifferent between ordering from supplier 1 and supplier 2, she will order from supplier 1.

10



Proposition 1. Given exogenously fized wholesale prices K and M such that c; < K < (1—m1)V
and & < M < (1 —m2)Vo, a solution to the retailer’s problem (7) and profits at the optimum are

given as follows:

(i) If K < po1Vp and M < p10Vo, then optimal order quantities are (2*,y*) = (D, D) and

optimal profits are

Retailer (RY) [(1 Vo — K — JTJ] D, (9a)
Supplier 1 (S7) (K — 1) D, (9b)
Supplier 2 (S3) M- ’52) D, (9¢)
Channel (Q¥) [(1— p11)Vo — e1 — &) D. (9d)

(ii) If po1Vo < K and M < K+ V(71 —m3), then optimal order quantities are (z*,y*) = (0, D)

and optimal profits are

Retailer (RY) [(1 — )V — J\Aﬂ D, (10a)
Supplier 1 (%) 0, (10b)
Supplier 2 (S3) (1\7 - '52) D, (10c)
Channel (Q*) (1 — m2)Vo — &) D. (10d)

(i) If pr1oVo < M and M > K+Vy(m1—me), then optimal order quantities are (z*,y*) = (D, 0)

and optimal profits are

Retailer (R*) [(1—m)Vp — K] D, (11a)
Supplier 1 (S?) (K — 1) D, (11b)
Supplier 2 (S) 0, (11c)
Channel (Q*) [(1—m1)Vp — c1] D. (11d)

Proposition 1 has several implications. First, profits of supplier 1, supplier 2, the retailer, and
the channel are non-increasing in default probabilities and in the default correlation. Thus, as one’s
intuition might suggest, an increase in either probability of default or in the default correlation has

detrimental effects on profits of firms and the channel.

Second, increasing retail price volatility o could benefit all firms. Note that with the increase in

o, Vp increases as well and, consequently, the region where the retailer orders from both suppliers,

11



B = [0,p0o1Vo] x [0,p10V0], expands. Thus, although initially it could be that (K, M) ¢Z B, and
one of the suppliers makes zero profits, eventually both suppliers will have non-zero profits. To
appreciate the logic behind this result, consider that at time 7o the retailer holds an option to
commence production. The value of this option is increasing in the retail price volatility, o, and
decreasing in the retailer’s variable production cost, cg. However, the retailer can exercise her
production option only if she receives raw materials by time 7. Therefore, as the value of the
option increases the retailer is more likely to order from both suppliers to increase the probability
of obtaining raw materials. Thus, suppliers benefit from the increase in o as well. Note, however,
that for the intermediate values of o, supplier’s profit could decrease. For example, suppose that

m1 > my. Then, as Vj increases a point (K, M ) could move from region
{(K,M) : p1oVo < M and M > K + Vy(m1 — m2)}

to region

{(K,M) : poaiVp < K and M < K + Vy(my — m2)}

before entering region B. Profit of supplier 1 would change from positive, to 0, to positive. Profit
of supplier 2 would change from 0, to positive and would remain positive. This happens, because
as o increases the sensitivity of the retailer to default risk increases and the retailer could find it

profitable to switch to a lower risk supplier, in spite of her higher wholesale prices.

Third, the influence of the volatility, o, on the retailer’s (channel) profit depends on the level
of the default correlation, pgy. Consider
82 R* ~94D i K < poiVp and M < piolVy

8])0080’ - (12)

0 otherwise

It follows from equation (12) that the marginal increase in profits of the retailer and the channel
due an increase in the volatility, %, is non-increasing in correlation (decreasing for small pgy and
constant for large poo). Equation (12) also implies that the marginal decrease in the profits of the
retailer and the channel due to an increase in the default correlation, —%, is non-decreasing in
the volatility (0 for small o and increasing for large o). Thus, the retailer and the channel are most

concerned with the detrimental effects of the increase in the default correlation when retail prices

are highly volatile.

12



4.2 Profits with deferment

Wholesale prices, K and M, are fixed. At time O the retailer places an order, z, with supplier 1

and has an option to place an order, y, with supplier 2 at time 7. Consider the retailer’s problem:

max{—Kz + po1Vomin(z, D) +
z2<D

+pioe”"" Eo (n;ag { =y + PV (n) min(y, D)}> +

y=

+ pooe "™ Eg (max {—My + V(m) x
y<D

X {pgowo min(z +y, D) + p%owo min(y, D)] } > },

The first subproblem in problem (13) corresponds to the outcome where supplier 1 has defaulted
and supplier 2 has not defaulted before time 7. The following lemma describes the optimal solution
of this subproblem and shows how much this subproblem contributes to the expected profits of the

firms.

Lemma 1. If supplier 1 has defaulted before time 7, and supplier 2 has not then

(i) The optimal reorder quantity for the retailer is

Yio = Dlu<p vimy- (14)
(ii) The time 0 expected present value of this subproblem to the retailer is

_l’_
Rig = pioe "™ Ey [p%OImV(Tl) - M] D=

15)
M (
= P%OP%OHODWO <7'1= 2—) )

Piopo

where Wy (11, X) is the time 0 value of a compound call option® with expiration date 11, a
strike price X, and a payoff based on the value of option V.

(iii) Time 0 expected present value of this subproblem to supplier 2 is

S0 = pioe” ™ (M — ¢2) DPr[M < p%O\lOV(Tl)]' (16)

3For theory and valuation of compound options, see Geske (1979) and Rubinstein (1991).

13



The second subproblem in problem (13) correspond to an outcome where neither supplier has

defaulted before time 7. Let’s introduce the following notation:
My = p%o\oov(ﬁ)a (17)
My = (p%moo +p(2)0\oo) V(r). (18)
Lemma 2. If neither supplier has defaulted before time 11, then

(i) The optimal retailer’s reorder quantity is

D if M < My
Yoo=D—z if My <M < M, (19)
0 if M > My

(ii) The time 0 expected present value of the retailer’s profit from this subproblem is

M
Roo = pooVoz + poo (1 - W%\oo) W <T1, ﬁ) (D —z2) +
2|00
(20)
) M
+ PooPiojooWo | 71, P
10/00

Proof. Using expressions (19) in the last subproblem (13) we derive

Riy = pooe "™ Eo [(Ma — M)(D £ 2)1p<nny + (Mo — M)(D — 2)1ian <pr<any +
+p(2)0\00V(71)21{M1<M§M2} +p30|00V(Tl)Zl{M>M2} =

= pooe” "™ Eo [(Mz = M)(D = 2)1n<nnyy + (My — M) 2 i<y +p(2)o\ooV(71)Z] L
Using expressions (15) and (20) we can rewrite the retailer’s time 0 problem as follows

M
max 4 [(1 —m)Vo — K] 2 +Piopfo\1ow0 (Tlv 2—> D+

2<D b
1010 (21)
M M
+ Poo (1 - 7T§|00> Wo (Th 1_72> (D —2) "‘p(l)op%owoWO <Tlv 2 ) Z} :
2100 P1ojoo
Define:
KM):=(1-m)Vy—
" " (22)
— Poo [(1 - 7T§|00)W0 (7'1, 1_72> _p%O\OOWO (7'1’ 2—>] :
72100 P1ojoo
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The curve on Figure 2 is the graph of K (M) when cg =0 and 6 = 0.

An immediate consequence of the definition of K (M) and option properties is that, for any M,

K (M) is non-increasing in the default correlation and, if cg = 0, then, K (M) is non-increasing in

Q

The following proposition describes optimal profits of the firms and the channel when wholesale

prices are exogenous and the retailer defers ordering decisions.

Proposition 2. Given exogenous wholesale prices K > ¢1 and M > co,

The optimal order quantity to supplier 1 is
D ifK<K(M)

0 otherwise

The retailer’s expected profit is

([(1— 7))V — K] D+

M
+ pioPiooWo | 71, —— | D + : =
P1oP1oji0""0 (Tl p%om) if K < K(M)
M
R* = +p(1)0p%0\00W0 (7'1’ 2—> D (24)
P1ojoo
M
PlopiopoWo | m1: 4 | D+
Ploj0 .
otherwise
1 2 M
+ Poo (1 - 7T2|00> Wo (7'1’ 172) D
~ 732000
The expected profit of supplier 1

(K—c1)D  if K< K(M)

5t = (25)
0 otherwise
The expected profit of supplier 2
( —rT 1 2
e " (M - 02){1710 Pr [M < p10|10V(7'1)] + .
if K < K(M)
g + pgo Pr [M < p%0|oov(71)} }D (26)
2 prm—
e "M — 02){17%0 Pr [M = p%oro(ﬁ)] +
otherwise
+ pgo Pr {M < (pfo\oo +p(2)0\00> V(Tl)} }D
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The expected profit of the channel is

If K < K(M)
Q@ =[1-m)Vo—a]D+
+pipe M E { [p%OHOV(Tl) - 02} 1{])%0‘10‘/(7'1)21\4} } D+ (27)
+ e E { [p%O\OOV(Tl) - 02} 1{,,%0‘00\/(71)21\/1} } D
Otherwise

* _ 1 _—rr 2
Q" =ppe E { [plo\lov(ﬁ) - 62] 1{p§010V(n)>M}} D+

(28)
+P(1)06_TT1E { [(1 - 7T§|00)V(7'1) - 62] 1{(1_W§OO)V(71)2M}} D

Proof. Expression (21) is linear in z with a coefficient K (M) — K. Hence, the retailer should order
from supplier 1 according to rule (23). Using formula (23), one can derive optimal profits of the

firms and the channel. [ |

Consider consequences of Proposition 2.

Corollary 1. Given exogenous wholesale prices K > ¢1 and M > co, and if marginal default
probabilities, 7713‘00, k=1,2 and p%ouo’ do not change as the default correlation changes and p%ouo >

2
Plojoo: then

(i) The optimal order quantity to supplier 1, z*, and the optimal profit of supplier 1, ST, are
non-increasing in the default correlation and in the volatility of retail prices, o (if cr =0).

(ii) If p%0|10 >1- ﬁg‘oo then the retailer’s optimal profit, R*, is decreasing in the default
correlation.
If p%0|10 <1- 7r§|00 the relationship between the retailer’s optimal profit, R*, and the
default correlation is non-monotone.

(iii) The retailer’s optimal profit, R*, is increasing in o (if cg =0).

(iv) pr%ouo >1- 773‘00 then the optimal profit of supplier 2, S5, is locally decreasing in the
default correlation for (K, M) away from the boundary, K = K (M).
If p%ouo <1l-— 7T§|00 the relationship between the optimal profit of supplier 2, S5, and the
default correlation is non-monotone.

(v) The optimal profit of supplier 2, S5, is locally increasing in o (if cg = 0) for (K, M) away
from the boundary, K = K(M).
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Proof. Recall that, for any M, K (M) is non-increasing in the default correlation and non-increasing
in o (if cg = 0). Therefore, formulae (23) and (25) imply that the optimal order quantity to supplier
1, z*, and the optimal profit of supplier 1, ST, are non-increasing in the default correlation and in

o (if cg =0).
Next consider the effect of default correlation on the retailer’s profit, R*.

Then, for K < IA((M),

M
R* = [(1 — 7T1)V0 — K]D +p%0|10WO <T1, 2—) D —
P1oj10

M M
L2 2
— Poo [p10|10 0 <Tlv 2 > — P1gjoo*Vo <Tl7 2 )] D.
Plopo PToj00

In (29) only the second line depends on the default correlation. As correlation increases, py,

M M
[p%moWO (7'1, %) _p%mooWO <Tla %)] (30)

increases and remains positive. Therefore, R* decreases.

(29)

increases and

For K > K(M), if p%mw >1- 7r§|00

« M M
R = — péo p%ollOW() 71, 5 — (1 — 7T§|00) WQ 71, _72 D+
Pioj10 L =300 (31)

M

+ p%0|10W0 <7'17 p—2 ) D,
10]10

where
M M
2 2
[pmloWo (7'1, a) - (1 - 772\00) Wo <7'1, 1_77%00) >0 (32)

It is easy to show that in this case R* is decreasing in the default correlation. However, if K > K (M)

2 2
and pio g < 1 =m0

. M M
R* =pg, [(1 - 7T§|00) Wo <Tlv 1— 2 ) _p%0\10W0 (7'1, 2 > D+
2/00 10[10
(33)
M
+p%0‘10W0 <Tl7 D) ) D7
Ploj10
where
M M
2 2
[(1 - 772\00) Wo <Tlv ﬁ) — PiojoWo <Tlv 2—)] =0 (34)
2/00 P1oj10

and, therefore, R* is increasing in the default correlation.
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To summarize, if p%0|10 >1-— 7T§|00, then, because the retailer’s profit in continuous at the
boundary K = K (M), the retailer’s optimal profit, R*, is decreasing in the default correlation.
However, if p%0|10 <1l- 7T§|00 the relationship may be non-monotone. Specifically, for negative cor-
relation (pgo &~ 0), the retailer’s profit is decreasing in the default correlation, but as the correlation

continue to increase after certain threshold the retailer’s profit starts growing.

If cg = 0, then each branch in the definition of R* is increasing in o. Because the retailer’s

profit is continuous at the boundary between branches, it follows that R* is increasing in o.

Analysis for supplier 2 is similar to the analysis for the retailer, except that profit of supplier
2 need not be continuous at the boundary, K = K (M). Therefore, we can only make statements

locally within each branch of the definition for S3. |

4.3 Deferment options, the retail price volatility, and the default correlation.

Define the value of the deferment option to the retailer as
¢ = R;;efer - R*7 (35)

where Ry ¢, is the retailer’s profit when decisions are deferred and R* is the retailer’s profit when
orders are placed at time 0. Similarly, the values of the deferment option to the suppliers and the

channel are

Uy = Sik,defer - S>1k7 (36)
Uy = Sék,defer - 557 (37)
o= Q;klefer - Q* (38)

Assume that cg = 0. Observe that limM_H_OOI?(M) = (1 —m)Sy and IA((O) = po1So. Also, it
follows from the Black-Scholes formula that g—)‘g = —e'TPr[S > X]. Therefore, differentiating
equation (22) with respect to M we obtain

Vo M v, M
-9 e R _ >
X <Tl’ 1—n2 ) X (ﬁ )] =0 (39)

= 1
K/(M) = —Poo — )
72100 P1oj00

It follows that (K, M)-space is divided into 5 regions shown in Figure 2.
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Figure 2: Regions in the definition of the deferment option. Regions are marked by

roman numerals. cg = 0.

(I-m1) Ss

PorSe

eI mfy eI -wf)

The option values are given in each of the regions as follows. For the retailer:

M o

Vo <7'17 2—> =S50
Pioj10

M o

Vo <7'17 2—> =S50
P1ojoo

M M
p%op%mlovb (7'1, pg—> +p(1)op%o|00V0 (7'1’ 2 )] D,
10[10 10/00

M o

oM = {p%op%ouo Vo (7'1’ ) ) — 5
Plojo

M o

Vo (7'17 2—> —So
P1ojoo

M o

PV — {piopfom Vo (7'17 2—> — 50
Pioj10

M o

TR
~ 732000

M M
oV — {P%OP%MOVO <717p2—> + Do (1 - 7T§|00) Vo (7'17 172> -

10[10 ~ 732000

_|_

I_ ). 1. 2
¢ = {p10p10|10

+ PooPlojoo +(1-m) e_”lM} D,

¢II:

_|_

1,2
+ PooP1ojoo

+(1—7) e ™™ M + po1So — K} D,

+

+Po (1 - 77%\00)

+ (1 —73) e_”lM} D,

. [(1 — )8 — K} } D.
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For supplier 1:

ol = ol —glV =, (41a)
Ui = (K —e1)D, (41b)
U = —(K —¢1)D. (41c)

For supplier 2:

wh = Wil = e (M = e){plo Pr [M < plyoS(n)] +

(42a)
it <] - 1)
Ol = e (M — 62){17%0 Pr {M < p%0\10§(71)} * (42b)
ot [ <]}
UiV — e (M - 02){11%0 Pr [M < p%0|10§(71)] * (42¢)
+ pgo Pr {M = (1 - ”3\00) g(ﬁ)] - (1= W%)}D’
Y = e (M — ) {plo Pr [M < g0 5(m)] + (42d)
+pboPr M < (1= ) ()] } 0.
For the channel:
©O=3+ T + U, “3)

The effect of deferment on profit of supplier 1 is clear from (41). Using put-call parity [V — Sy =
Uy— PV (strike), where Uy is the put option on 5‘] we can show that ® > 0. For supplier 2, \Ilél > 0,

\IJ;/ > (0 and because
pioPr|M < p%o\log(ﬁ)} + pgo Pr {M < p%o\oog(ﬁ)} - (1~ W%) <0, (44)

vl <0, W <0, and IV <0.

Table 1 summarizes the effects of the deferment option on firms’ profits. As you can see, the

retailer always benefits from the deferment option.

Supplier 1 benefits from the option in region 111 because the retailer uses supplier 2 as a back-
up facility placing larger order with supplier 1. Supplier 1 is hurt by the introduction of option in
region V', because her prices are too high and the retailer prefers to wait and order from supplier

2.
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Table 1: Effects of deferring ordering decisions on firms’ profits when wholesale prices

“w__%

are exogenous and cg = 0. “4” indicates that profit increases, indicates that

profit decreases, “=" indicates that profit does not change.

Region | Supplier 1 | Supplier 2 | Retailer
I = ~ +
11 = + +
117 + - +
A% = — +
|4 — + +

Supplier 2 benefits from the option in regions I/ and V because the options assures non-zero
probability of the retailer placing an order with supplier 2 in those regions. On the other hand, the

expected order quantity to supplier 2 in regions I, I11, and IV is reduced by the deferment option.

Therefore, supplier 2 will invest in the faster technology only if prices, (K, M), are either in
region I] or in a region V. Note that in region I the introduction of the deferment option is a

Pareto improving decision.
The following result summarizes the consequences for option values of changes in the default
correlation and the retail price volatility.

Proposition 3. For a given pair of wholesale prices, (K, M), the deferment option values depend

on o as follows

(K,M) € v,y Uy P
I no change imncreasing imncreasing
17 non-increasing | locally increasing | increasing
111 non-increasing | locally increasing | increasing
v no change imncreasing imncreasing
V no change mcereasing imncreasing

where “local” property holds as long as (K, M) remains within specified region.

Proof. As o increases, prices (K, M) may move from region 111 to region IV or from region 11 to
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region V' but they will remain in regions I, IV, or V. Next, note that each branch of ® and s is
increasing in o and none of the branches of V1 depends on ¢. Finally, observe that ® is continuous

on the curve K = K(M). Results follow. [

Next consider the effect of the default correlation on the option value. Let’s begin with the
option value of the supplier 1, ¥;. For M > K+ §0(7T1 — my), as correlation increases (starting
from perfect negative correlation) a point (K, M) moves from region I to region /I and possibly
to region V. For M<K + §0(7T1 — ma), a point (K, M) moves from region I to region 111 and
possibly region IV. Within each of the regions, the value of the deferment option to supplier 1

does not depend on the default correlation. We have, therefore, the following proposition

Proposition 4. Given wholesale prices (K, M),

(i) If]\7 > K+ 50(7T1 — 79), then, ¥y, is non-increasing in the default correlation.
(ii) If M < K + 5’0(771 — mg) then, Wi, is non-monotone in the default correlation (non-

decreasing initially and non-increasing after certain level of correlation).

Continue with the option value for supplier 2, U5, assuming that marginal default probabilities

Trjoos K = 1,2 and p%ouo do not change as correlation changes.

2 2
If Ploj10 2 Plojoo: then

Poo {Pr [M < p%ouog(ﬁ)] —Pr [M < p%O\oo)g(Tl)]} (45)
is increasing in the default correlation.

If p%0|10 >1- 77%\007 then
pho {Pr [M < p%108(m)| = Pr [M < (1 = 700 5(m)] } (46)
is increasing in the default correlation.

2
If Plojio <1 then

- 77%\007
pho {Pr [M < (1= w00)S(m1)| = Pr [M < plypS(m)] } (47)

is increasing in the default correlation. Properties of (45), (46), and (47) imply

Proposition 5. If marginal default probabilities Ty 00,k = 1,2 and p%0|10 do not change as corre-

lation changes and p%0|00 < p%ouo’ then

(i) WL =Wl and Wi are decreasing in the default correlation.
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(i) If p%0|10 >1- 773‘00 then \Ifév and \I/;/ are decreasing in the default correlation.

(iii) pr%o\lo <1- 773‘00 then \Ifév and \Ifg are increasing in the default correlation.

Therefore, ifp%ouo <1- 7T§|00, as the default correlation increases Vo initially decreases and then

mncreases.

Proof. As the correlation increases a point (K, M) moves among regions either I — I — IV or
I — Il — V. Uy is decreasing in correlation in regions I, I1, and I1] and increasing in correlation

in regions IV and V. |

Figure 3 demonstrates that the value of the retailer’s option ® is non-monotone in correlation

as well.

Figure 3: Non-monotone relationship between the retailer’s option value, ®, and the

default correlation, pgg.

Parameters: cr =0, § =0, K =39, M =40, o0 = 0.1, So = 100, D = 100,
Poo =051 —71 =09 1— 7 =045 ¢ =1, poo € [0,0.25].

Option Value
120

100

20

Correlation

0.05 01 0.15 0.2

The remaining issue is the interaction between effects on deferment options of the default
correlation and the volatility of retail prices. Figure 4 shows dependence of % on the default

correlation. The sensitivity of option value ® to change is ¢ depends in a non-monotone way on the
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default correlation. Conversely, the sensitivity of option value to a change in the default correlation

depends in a non-monotone way on the level of the retail price volatility.

Figure 4: Non-monotone relationship between change in option value,

®(0) — (0 — Ao), and the default correlation, pgo.

Parameters: cr =0, § =0, K =39, M = 40, o0 = 0.1, Ao = 0.001, S, = 100,
D =100, pjp =0.5,1 — 7' =0.9,1 — 7 = 0.45, £ = 1, poo € [0,0.25].

Change in Option Valie
0.5 5
0.4 ;
0.3 ;
02

01 -

Corvelntion
0.05 0.1 0.15 0.2

5 Endogenous wholesale prices

It is more realistic to assume that the suppliers have at least some market power, the industry
is not too heavily regulated and, therefore, wholesale prices are determined endogenously. In this
case competition between suppliers plays an essential role in valuation of the deferment option and
significantly contributes to the effects of the default correlation on profits of firms and the channel.
This section investigates interaction between competition, default correlation and deferment option

under assumption that market power belongs to the suppliers.
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5.1 Profits without deferment

At time 0 suppliers simultaneously announce prices (K and M). Retailer [whose problem is given
by (7)] responds with orders (z,y). The retailer’s response to any pair of wholesale prices (K, M)
is given in Proposition 1. Suppliers profit functions are given in (8). The following proposition
specifies pure strategy equilibrium solution to the game between suppliers and equilibrium profits

of the firms and the channel.
Proposition 6. Assume that either po1Vy > c¢1 or pigVo > ¢, then the unique pure strategy
equilibrium solution to the game between suppliers is

(i) If por1Vo > ¢1 and p1oVp > ¢a, then (K*,M*) = (po1Vo, p10Vo). Equilibrium order quanti-

ties are (z,y) = (D, D). Equilibrium profits are

Supplier 1 (ST) (po1Vo — c1)D, (48a)
Supplier 2 (S3) (p10Vo — &2)D, (48Db)
Retailer (R™) pooVoD, (48c¢)
Channel (Q7) [(1—p11)Vo —c1 — ¢ D. (48d)

(i1) If po1Vo > ¢1 and p1oVo < ¢a, then (K*,M*) = (¢a + Vo(me — m1) — &,¢2) for some small

e and equilibrium order quantities are (z,y) = (D,0). Equilibrium profits are

Supplier 1 (ST) [C2 + Vo(mg —m) —e — 1] D, (49a)
Supplier 2 (S5) 0, (49Db)
Retailer (R) [(1—m2)Vy —¢2+¢] D, (49¢)
Channel (Q7) [(1—m1)Vy — 1] D. (49d)

(iii) If poiVo < e1 and p1oVy > €2, then (K*, M*) = (c1,¢1 + Vo(my — me) — €) for some small

e and equilibrium order quantities are (z,y) = (0, D). Equilibrium profits are

Supplier 1 (ST) 0, (50a)
Supplier 2 (S3) [e1 + Vo(m — me) — e — G| D, (50b)
Retailer (R™) [(1—7m1)Vo —c1 +¢€] D, (50c)
Channel (Q7) [(1—me)Vy — ¢ D. (50d)
Proof. Similar to Proposition ?77. |
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Observe that equilibrium prices, equilibrium order quantities, and profits of firms and the

channel are non-decreasing in the volatility of retail prices, o.

In addition, if pg1 Vp > ¢1 and p1gVp > ¢o, then the retailer’s profit is increasing in the default
correlation and profits of the suppliers and the channel are decreasing in the default correlation.
Recall that with exogenous wholesale prices all firms suffered from the increasing default correlation.
When prices are endogenous, increasing correlation intensifies the competition between suppliers.
The competition lowers wholesale prices benefiting the retailer. Also note that, when prices are
endogenous, the retailer’s incentives are different from those of the channel and, therefore, the

retailer should not be selected to coordinate the system.

Further, if pg1Vy > ¢1 and p1gVy > ¢, then the marginal increase in the retailer’s equilibrium
profit due to the change in the volatility, %, is increasing in correlation and the marginal increase
in profits of suppliers and the channel due to the change in the volatility, %, k =1,2 and %,

are decreasing in the default correlation. The marginal increase in the retailer’s equilibrium profit

due to an increase in the default correlation, %,
. oSy * . . . .
suppliers and the channel, _Wo%’k = 1,2 and —%, are increasing in the default correlation.

and the marginal decreases in profits of the

Therefore, the consequences of increasing default correlation (positive consequences for the retailer
and negative consequences for the suppliers and the channel) are most profound when retail prices

are very volatile.

5.2 Profits for contracts with renegotiation

Supplier 1 announces her wholesale price, K, at time 0. The retailer responds by placing an order,
z, with supplier 1. At time 71 supplier 2 and the retailer negotiate the wholesale price, M, and the
order quantity, y. Thus, both supplier 2 and the retailer defer making decisions until time 7 and
incorporate information about defaults and retail prices that has been revealed during [0, 71]. The
outcome of negotiation depends on bargaining powers of the retailer and supplier 2. If the retailer
is the dominant firm then the price M will be set at the suppliers marginal production cost (to
ensure the suppliers’ participation). This would lead to the model considered in section 4. In this
section we will assume that the supplier is the dominant firm so that the wholesale price is set at

the highest level that does not violate retailer’s participation constraints.
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At time O the retailer solves

max{ — Kz + po1Vp min(z, D)+
z2<D

phoe™7 B (e { M)y + oV () minty D)} ) +

y<

p(l)oe—r'rl Ey (max {—M(Tl)y +V(r) x
y<D

X {pgowo min(z +y, D) + p%0|00 min(y, D)} }) }

Note that, unlike problem (13), the price M in the subproblems of (51) depends on the information
available by the time 7. The first optimization subproblem in equation (51), corresponds to the
outcome when supplier 1 has defaulted before time 7 and supplier 2 has not. The optimal solutions

to this subproblem for the retailer and supplier 2 are given in the following lemma:

Lemma 3. If by time 1 supplier 1 has defaulted and supplier 2 has not, then

(i) Supplier 2 optimal price is

Mjio(71) = max {pfOHOV(ﬁ), 62} . (52)

(ii) The retailer’s optimal order quantity is

= D1 .
V0= i g V) zen} (53)
(iii) Time 0 expected present value of this subproblem to the retailer is 0.
(iv) Time 0 expected present value of this subproblem to supplier 2 is
2
P%OP%OHOWO (Tlv 2—> D. (54)
Piopo

The second optimization subproblem in equation (51), corresponds to the outcome where neither
supplier has defaulted before time 7. Given price M (7y) the retailer will order according to the
rule in equation (19). Knowing the retailer’s response, supplier 2 determines an optimal pricing

policy. Define:
2
Poojoo VD

Z(V) = .
2V) (1-— Tr%\OO)V — ¢

(55)

Lemma 4 summarizes the solution to the second optimization subproblem.
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Lemma 4. If neither supplier has defaulted before time 11 then the equilibrium wholesale price of

supplier 2 and the retailer’s order quantities are as follows:

7

C9 0 ’ifMg(Tl) S C9
§ M, i D—z if Mi(1) <2 < Ma(my)
M*(m) = v Yoo = (56)
Mo D—z ’ifMl(Tl) > Ccy andz<§[V(7'1)]
le D ’if Ml(Tl) > co and z > E[V(Tl)]

The time 0 expected present value of this subproblem to the retailer is

PooVoz + poo(D — 2)e ™" ™ By [V (1)1 {an 5 e L5500 - (57)

The time 0 expected present value of this subproblem to supplier 2 is

C2
Péo(l - W%\OO)WO (7'17 12 ) (D —2)+
72100 (58)
+ Do {(1 - 77%\00)2 _pgomoD} Wo <Tl= (1— 72 ():22 2 D) 1 Phojoo® |
— @4 Nz —p
2|00 00]00 {Z>m}

Proof. Using the retailer’s response rule (19) and profit function of the second supplier (8) we
conclude that supplier 2 will charge either My or My, if feasible. If Ms < ¢y, then supplier 2 is
forced to set price at co receiving no orders from the retailer. If M7 < co < My the only alternative
left for supplier 2 is Ms. If My > ¢y then supplier 2 decides whether to charge M; and receive an

order of D or charge My and receive the order of D — z. If z < Z[V(71)] the supplier prefers the
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latter. Hence, the expected present value of the supplier’s subproblem is

p(l)Oe_rTlEO{(MQ - 62) (D - Z) 1{M1302<M2} + (M2 - 02)(D - Z) 1{02<M1}1{Z<E(V)} +
+ [Ml ipgmoov(ﬁ) - 02] (D= 2) 1{C2<M1}1{222(V)}} =
= Péoe_mEo{(M2 —2)(D = 2) Ycy<mny +

+ [(Mz — )z - pSO\OOV(n)D} 1{02<M1}1{zzz<w}} =

-7

Cc2 _
= péo(l — 7T§|00)W0 (Tl, 5 ) (D — Z) +p(1)oe rT1 1{ ng‘OOD } X
z>

2(00

X EO {[(1 — 7T§|00)Z _pSO\OOD]V(Tl) — sz} 1 _
{V(Tl) €2z }

z (lf‘rr2 )zfp2 D
2[00 00]00

C2

— 2
L =300

= poo(1 — 7T§|00)W0 (7'1, ) (D—2)+

2 2
(1- 7T2|00)Z ~ Poojoo

1—m

Coz
+ Do [(1 ~ 00 —pgomoD] Wo <Tl’ ) 1{ PﬁoooD}
>

2
2|00

If the supplier’s price is M7 then the expected retailer’s profit at time 7 is
—MD +V(m) (pgowoD "’p%o\ooD) = pgo\oov(ﬁ)D-
If the supplier’s price is Ms then the expected retailer’s profit at time 7 is
—Ms(D — 2) + V(71) [pgomoD ‘H’ﬁo\oo(D - Z)] = pgomov(ﬁ)z-

Expected present value of the retailer’s subproblem is

pioe” "™ Eo [Pgo\oov(ﬁ) Z21lieysnyy + P(Q)O\oov(ﬁ) 2l <ea<mn} +

+ Phojo0V (1) 2 Ly L)) + PRoooV (1) (D = 2) Leyenry Lz =
= pooVoz + poo(D — z)e”" ™ Ey [V(Tl)l{cgng}l{ZZE(V)} : L
Using Lemmas 3 and 4, we can rewrite the retailer’s time 0 optimization problem (51) as follows:

max{ Kz (1—m)Vor +
=P (59)

+poo(D = 2)e™"™ Eo [V (T1) Ly <y (ri)} L{z22v (m )]} }
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which is equivalent to

max [(1—m)Vo—K]z+

(60)

+ poo(D — z)e” "™ Ey |V (1)1 e H b
V(in)> ——a—25—— #
{ ( 1)(1n§OO)ZP§OOOD} { >1"§00}
Define
A(K) == (1 —m)W — K, (61)

and

V(T1)>—C2Z
203 . o2
(1=73100)%~Pgoj00

f(2) == poo(D — z)e”"™ Ey V(Tl)l{ } : (62)

Given process (1) for the evolution of retail prices and the definition of option V' in Section 3
one can derive an explicit expression for f [the derivation is similar to the valuation of compound

options by Rubinstein (1991)]

£(2) = poo(D — 2) {8Va [a(2). B.4] — ere ™ Naa(2) — oy B oy} (63)
where N[+, -, ] is the c.d.f. of the standard bivariate normal r.v. and

W) (e D)n wE) D) g
o= o , 0= o , = g

Ser(2) satisfies the following equation:

SerN(Y) = cre " TIN(y — ov/7y — 1) = V(2), (64)
where N (-) is the cumulative standard normal distribution function,

In (i—:) + <r + ‘7—22) (19 — 1)
N |

Note that one has to find a root of a non-linear equation (64) in order to compute f(z). In numerical

Coz
2 2
(1- 772\00)2 ~ Pojoo

Vi(z) = and v = (65)

examples we will consider a simpler problem where cg = 0. In this case

£(2) = poo(D — 2)SoN{da [V (2)]}, (66)
where 5 ,
In (%) + (r + "7) T1
o\/T1 '

The following lemma proves the existence of the solution to the retailer’s time 0 problem

di(X) =
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Lemma 5. There exists a solution to the retailer’s problem (60).

Proof. Problem (60) is defined on a compact set z € [0, D]. Therefore, to ensure the existence of a

solution it is sufficient to show that the retailer’s profit function is continuous in z.

To show continuity of the retailer’s profit function it is sufficient to show that

9(z) = [(2) 1{ ngOOD}
z>

1=73100

p(z)o\ooD

2
1 2100

is continuous. Let zy = . If 2 < 2z, then g(z) = 0 and, thus, continuous. If z > zy, then

oz
2 2
(1- 7T2|00)Z ~ Poojoo?

is continuous (and, furthermore, monotone) function of z. V(1) is integrable. Therefore, by the

Dominated Convergence Theorem,

Ey |V(m)1
e
{V(T1)> (1W§OO)ZP8000D}

is a continuous function of z. Consequently, g(z) is continuous. To complete the proof we will show

that g(-) is continuous at zg. Observe that

lim 2% = +00.
220 (1= 7300)% = Pgojo0 D
Therefore, as z | 2o
Vin)1 . —0 a.s.
and by the Dominated Convergence Theorem
lim g(z) = 0 = g(z0) = lim g(2). |

zlzo 2Tz0

The following lemma describes some properties of the solution of (60) that may be used to

increase efficiency of numerical solution procedures.

2

Poojoo
)

1 2100

in the interval [zo, D]. Furthermore, if the solution is unique and

Lemma 6. Let zg = . Then a solution of the optimization problem (60) is either O or it lies

K <(1—-m)V -

. (67)
— Poo {SoNz[a(Z),ﬂap] —cgre” " Nola(z) — o\/T1, 8 — 0\/T2, P]} ;
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then the optimal order quantity z* = D, otherwise z* satisfies
F(z) = —A(K). (65)

Proof. Note that f(z) > 0 for z > zp. Therefore, the maximum of function A(K)z + f(z) is either
0 or is achieved on the interval [z, D]. For D to be an optimal order quantity it must be true that

A(K) 4+ f'(D) > 0. This implies condition (67). |

Note that when cg = 0 condition (67) simplifies to
K < (1—m)S0 — pooSoN {dl [‘7(1))] } : (69)

The following properties of the optimal retailer’s order quantity are useful in the analysis of the

supplier 1 problem.

Lemma 7. For optimization problem (60), argmax A(K)z + f(z) is non-increasing in K.

Proof. Observe that for H(u; K) = —A(K)u + f(—u), 88;—81}({ > 0. Therefore, function H, which
is defined on a lattice [—D,0] x [0,+oc0] and which is quasi-supermodular in u, satisfies single-
crossing property. Theorem 4 in Milgrom and Shannon (1994) implies that u* = arg max H (u; K)

is non-decreasing in K. Therefore, z* = —u* is non-increasing in K. |

Supplier 1 problem is
II][E(),X(K —1)z"(K), (70)
where z*(K) is the solution of the retailer’s problem.

We will find a solution of (70) numerically and also will consider a simplified problem with

deterministic retail prices (o = 0).

5.3 Special case: deterministic prices

Assume that retail price S is deterministic and increases only due to the drift term. Thus, for any

time t, S(t) = Spett (for adjusted process S, S'(t) = S*oe”). For simplicity, assume that cg = 0.
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5.3.1 Equilibrium profits with deferment

The retailer’s time 0 optimization problem (59) becomes

max [(1 —711)8) — K} z +

z2<D
(71)
+ pOOSO(D o Z)l{cze*”1 Sp%mooé’o}l 2> pgg\oon%:’:Tl
(17772‘00)5’0& 1—cy
Lemma 8. A solution to the optimization problem (71) for a given K is
If coe™™™ > p%0|00§0’ then
2 (K) = Dlpcins,) (72)
If coe™™ < p%0|00§0’ then
0 if K> (1-— 7T1)§0 + p(l]o (p%moogo — 626_”1>
" pgo‘OODS’OerTl . p01§0 < K é
) = § s s . (73)
2100 < (1= m1)S0 + poo (pm\ooSO - 626_”1)
D if K < po1So

Proof. If coe™™™ < p%o\oog()? the function that we are optimizing is piece-wise linear. Let

2 S rm
p00|00D506

(1 — Tgloo)goerﬁ — Cy ‘

Z20 —

To the left of zy the slope of the retailer’s profit function is (1 — 711)5’0 — K. To the right of zy the
slope of the retailer’s profit function is p01§0 — K. If p015'0 — K > 0 then the retailer will order D.

Otherwise, the retailer will order zy if
[(1 — 7T1)§0 — K] 20 —l—poogo(D — Zo) >0
or equivalently

D & & G —rT
K< (pooz—o +p01> So = (1 —m1)S0 + Pao (p%0|0050 — e’ 1) : u

The following proposition describes solution of the suppliers’ problem (70).
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Proposition 7. Assume that (1 — 771)5'0 >c; and (1 — 7T§|00)5’oe”1 > co. Then

If

— 2 g
coe” " > pm\ooSOy (H)

then K* = (1 — 7T1)§0, 2* = D and equilibrium profits are

Supplier 1 (ST) [(1 — )8y — cl} D, (74a)
. * 1 2 v —rr +
Supplier 2 (53) Pio <P10|1050 — € ) D, (74b)
Retailer (R*) 0, (74c)
* o 1 2 & —r7] +
Channel (Q") (1 —=m1)So —c1+pio <p10|1050 — coe ) D. (74d)

If

—r7]

s &
PiojooS0 — C2€

(1= 7300)S0 — coe™"™

coe” T < p%omogo and PooSo = (porSo — e1) ()

then K* = (1— 7T1)§0 +p} <p2 So — cze_”l) ¥ = ng‘OODVSOETTl and equilibrium profits are
00 \#710/00 ’ (1—7r§‘00)506”1 —c2
Supplier 1 (ST) [(1 —m1)80 + pio <p%0‘005’0 - 626_”1) - cl} X (75a)

2 & T
p00|00D50€

(1— 7T§|00)§oe”1 —cy

Supplier 2 (S3) (p10§0 - Eg) D, (75b)
Retailer (R™) 0, (75¢)
Channel (Q*) ST+ S5+ R (75d)

If

TT1

2 & -
p10\0050 c2€

cpe” ' < P?o\oogo and Po0So < (po1So — ¢1) (1- W%\oo)go pp— (L)
then K* = p015’0, z* = D and equilibrium profits are
Supplier 1 (ST) (p015'0 - Cl) D, (76a)
Supplier 2 (S3) (plogo - 52) D, (76b)
Retailer (R*) P00SoD, (76c)
Channel (Q") [(1 — pll)S’O —c — '52} D. (76d)
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Proof. Suppose coe™"™ > p%0|0050' Using Lemma 8 and supplier 1 problem (70) we conclude that
K*=(1- 771)5’0 and z* = D. Expressions for profits of the retailer and supplier 1 follow from
equations (71) and (70) respectively. To compute profit of supplier 2, invoke Lemmas 3 and 4,

noting that condition (H) corresponds to ¢z > M;

T

If coe™ ™ < p%0|00507 then from Lemma 8 it follows that supplier 1 has to choose between two

values of profits

(po1So — ¢1)D

and 9
2 rT1
Poojoo Soe

} (1-— wg‘oo)bu’oe”l —C2

[(1 — )80 + Po (p%o\()ogO - 026_”1) -
Supplier 1 prefers the latter, which corresponds to
K* = (1=m)S + pio <p%o|00§0 - 02‘3_”1)

and 9
2 rT]
Poojoo D Soe

*_

(1— 7T§|00)§oe”1 —cy

if condition (M) is satisfied.
Under condition (M) the retailer’s profit is 0 [based on equation (71)].

Using Lemmas 3 and 4 and noting that p%0|10§ (m1) > plo\oog (11) > co, supplier 2 profit is

péoe_m{ [(1 — m300)S(71) — 2| D —p?)O\oog(Tl)D} +pioe” ™ {p%ouog(ﬁ) - 02] D=

= (plos'o - 52) D
Similarly, we derive expressions for profits of firms and the channel under condition (L). |

The order of conditions (H),(M), and (L) corresponds to the decreasing default correlation.
Perfectly positive default correlation (ppo = 1 — m, pip = 0) satisfies condition (H). Perfectly

negative default correlation (pgg = 0, p1g = 1 — m2) satisfies condition (L).
Figure 5 shows the dependence of the profits on the default correlation.

When the default correlation is high [condition (H)], supplier 1 charges the retailer the monop-
olist price and the retailer responds by ordering z* = D from supplier 1. Supplier 2 makes a profit

only if supplier 1 defaults before time 7. The higher the correlation the lower the expected profit
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Figure 5: Dependence of equilibrium profits of supplier 1, S}, supplier 2, S;, the

retailer, R*, and the channel, Q*, on the default correlation, pgg.

Letters (L), (M), and (H) indicate regions described in Proposition 7.
Parameters: cr =0, =0, 0 = 0, So = 100, D = 100, p5, = 0.5, 1 — ' = 0.9,
1—m=0.45¢=1, poo € [0,0.25].
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of supplier 2. Profits of supplier 1 and the retailer do not depend on the default correlation in this

case. Profit of the channel also decreases in the default correlation.

When the default correlation is medium [condition (M)], supplier 1 charges the retailer a price
that is even higher than the monopolist price but the retailer now orders z* < D from supplier
1. The profit of supplier 1 depends on the default correlation in a non-linear fashion. As the
correlation decreases, the expected profit of supplier 2 increases. The retailer’s expected profit is

always 0.

Finally, when the default correlation is low [condition (L)] the equilibrium solution is the same as
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the one in no-options case: supplier 1 charges a competitive price and the retailer places high orders
with both suppliers. As the correlation decreases, profits of suppliers and the channel increase while

the expected profit of the retailer decreases.

If there is no competition and all decisions are made at time 0, then according to section 4.1, as
the default correlation increases, benefits of diversification decrease and profits of the suppliers, the
retailer, and the channel decrease. However, as section 5.1 showed, when risky suppliers compete
for the retailer’s business, benefits of competition dominate benefits of diversification and as a
result positive default correlation benefits the retailer while negative default correlation benefits the
suppliers and the channel. However, if the discrepancy in production lead-times creates a deferment
option for the suppliers and the retailer, then even in a competitive environment, positive default

correlation could be bad for the retailer after all.

5.3.2 Deferment options and the default correlation

If po1Sop > c¢1 and p1gSy > ¢, then using expressions for firms’ profits in Proposition 6 and

Proposition 7, we can derive deferment option value for each of the firms. The results are presented

in Table 2.

Table 2: Deferment option values when wholesale prices are endogenous and o = 0.

Firm (H) (M) (L)
) [plogo - 61] Dx

Supplier 1 (¥q) pooSoD c2—p1oj00Soe’ L 4 oS D 0
(=g Soer i =z | P00

Supplier 2 (¥2) | pdo (e‘”1 Co — p%0|00§0> D 0 0

Retailer (®) —pooSo D ~PooSo D 0
o v 9 co—p Spe" 1

Channel (@) p(l)O (e ey — p%0|0050> D |:p1050 N Cl} D(lfng‘:;)‘)(goe?"fl —c2 0

As the default correlation increases, the value of the deferment option increases for the suppliers

and decreases for the retailer (see Figure 6).

For low default correlation the value of the deferment option to the channel is 0. As correlation

crosses boundary between (L) and (M) regions, the value of the option to the channel drops and

37



Figure 6: Dependence of the deferment option for supplier 1, ¥, supplier 2, W5, the

retailer, ®, and the channel, ®, on the default correlation, pgg.

Parameters: cr =0, =0, 0 = 0, So = 100, D = 100, ppo = 0.5, 1 — ' = 0.9,
1— 7 =045 € =1, peo € [0,0.25].
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then increases as the default correlation continues to grow.

Table 3 presents the direction (positive or negative) in which firm’s profits change after intro-

duction of the deferment option.

Unlike the case of exogenous prices (Table 1), the retailer never benefits from the introduction of
deferment option, because the introduction of the option changes the nature of competition between
suppliers to the retailer’s disadvantage. Furthermore, when prices are endogenous, both suppliers
are better off with the option. Observe that when the default correlation is high the suppliers and
the channel prefer model with the option. However, when correlation is at intermediate level both

the retailer and the channel oppose introduction of the option. Therefore, none of the firms can be
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Table 3: Effect of the deferment option introduction on firms’ profits when wholesale
prices are endogenous and o = 0. “+” indicates that profit increases, “—” indicates

that profit decreases, “=" indicates that profit does not change.

Firm \ Condition | (H) | (M) | (L)

Supplier 1 (¥q) + + =
Supplier 2 (V2) + = =
Retailer () — — =
Channel (©) + - =

appointed to represent channel interests for all levels of the default correlation.

5.4 Numerical example: stochastic retail prices

When the volatility of retail prices o > 0 finding a solution of supplier 1 problem (70) analytically
is problematic, therefore, we resort to numerical study. To investigate effects of o on equilibrium
solution and interaction between ¢ and the default correlation, we will compute equilibrium prices,
order quantities, profits, and option values for o = 0 and o = 0.1 (which is a moderate value of the
volatility of retail prices) and contrast results. Figure 7 shows equilibrium prices of supplier 1 and
equilibrium order quantities from the retailer to supplier 1. Note that the region (with respect to
the default correlation) where supplier 1 charges higher than monopolist prices shift to the left if
retail prices are uncertain. However, over this region the equilibrium wholesale prices of supplier 1
are lower when o > 0. The uncertainty in retail prices has no effect on equilibrium prices and order
quantities when correlation is either very high or very low. Figure 8 shows profits of the suppliers,
the retailer, and the channel both with and without uncertainty in retail prices. Note that the

retailer is worse off if there is an uncertainty about the retail prices.

Finally, Figure 9 presents deferment option values for the suppliers, the retailer and the channel.
Note, again, that if the default correlation is very high or very low the effect from retail price

uncertainty is small.
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Figure 7: Dependence of equilibrium supplier 1 prices, K*, and equilibrium order

quantities to supplier 1, z*, on the default correlation, pgg, and the volatility, o.

Parameters: cgr =0, § =0, So =100, D =100, ps, =0.5, 1 — 7' = 0.9,
1—7=0.45,£ =1, poo € [0,0.25].
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Figure 8: Dependence of equilibrium profits of supplier 1, S}, supplier 2, S5, the

retailer,

R*, and the channel, Q*, on the default correlation, pgg, and the volatility, o.

Parameters: cgr =0, § =0, So =100, D =100, pjo =0.5, 1 — = = 0.9,
1—m=0.45¢=1, poo € [0,0.25].
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Figure 9: Dependence of option values for supplier 1, ¥;, supplier 2, ¥,, the retailer,

®, and the channel, ®, on the default correlation, pgg, and the volatility, o.
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