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ABSTRACT

This paper analyses the decision to invest to reduce the emissions of a stock pollutant
under environmental uncertainty. It shows that this decision depends on the type and level of
uncertainty. When uncertainty is small, there is no simple irreversibility effect because of the
tension between environmental irreversibility (the stock of pollutant causes costly long-term
social damages), and investment irreversibility (pollution abatement investments are sunk).
When uncertainty is large enough, however, pollutant emissions should be curbed
immediately. A continuous time formulation based on real options illustrates the link between
flexibility and option value. These results have implications for global warming.
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l. INTRODUCTION

The *“irreversibility effect” was originally introduced to the environmental literature
by Arrow and Fisher (1974) and Henry (1974). Analyzing the development, with uncertain
costs and benefits, of a natural area, these authors defined the irreversibility effect as the bias
against conservation in a standard cost-benefit calculation that ignores the irreversible
character of development. Building on Weisbrod’s concept of option value (1964), Arrow
and Fisher proposed to take into account the corresponding loss of flexibility by introducing
an extra term in a cost-benefit analysis, which they called “quasi-option value.” They
showed that quasi-option value exists independently of risk-aversion.

Subsequent work has shown, however, that the “irreversibility effect” may not hold
when some assumptions of the Arrow-Fisher model are relaxed (e.g. Epstein (1980) or
Freixas and Laffont (1984)). This is the case, for example, when there is information to be
gained by some level of development, which Fisher and Hanemann (1987) call “dependent
learning” (Arrow and Fisher considered only full development or no development). Most of
these results, however, were obtained with two or three periods discrete-time models, which
do not allow for a full treatment of the dynamics of the problem.

The irreversibility effect has since been generalized. It is now usually perceived as
the need to scale down or delay a project that is harmful to the environment or to adopt
earlier an investment beneficial to the environment when an environmental irreversibility is
involved. A decision is irreversible when it is very costly to reverse, for example because it
limits the future choices of a decision-maker (Henry (1974)). A frequently used example of a
development project with irreversible consequences is the construction of a dam in a scenic

canyon, or the accumulation of long-lived greenhouse gases in the atmosphere.



At the end of their 1974 paper, Arrow and Fisher indicated how to extend their
analysis to long-lived stock pollutants, such as DDT, and to cumulative “macro”
environmental effects, such as the accumulation of greenhouse gases in the atmosphere.
There is, however, one essential difference between the development of a natural area and the
management of a stock pollutant. Indeed, whereas in the former type of problem the only
irreversibility may be the loss of a natural area, two types of irreversibility are present in the
decision to invest to reduce the emissions of a stock pollutant (Kolstad (1996)). The first
irreversibility is environmental because society has to live for a long time with the flow of
social damage caused by the stock of a slowly decaying pollutant. In the case of greenhouse
gases, for example, it is estimated that the mean lifetime efi€C@®e atmosphere is 500
years (IPCC (1992)). The second irreversibility, which could be termed investment
irreversibility, comes from the fact that pollution control capital is often (at least partially)
sunk. An example is the massive investments needed to switch from coal burning to natural
gas burning power plants in order to reduce €Rissions.

The optimal management of stock pollutants under uncertainty was recently analyzed
again by Pindyck (in Dixit and Pindyck (1994)), Kolstad (1996), and Ulph and Ulph (1997).
They used different approaches. Pindyck formulated the decision to invest to reduce the
emissions of a stock pollutant as an optimal investment problem in continuous time. He
considered uncertainty in the valuation of pollution damage and showed that an increase in
the uncertainty of the future social costs of pollution leads to delay the decision to invest in
emissions reduction. In this case, neglecting uncertainty would thus introduce a bias in favor
of the environment. Kolstad, and Ulph and Ulph, on the other hand, used two-period,

discrete time models, which do not allow for a full treatment of the dynamics of the problem.



They showed that the presence of an irreversibility effect is dependent on technical
hypotheses on the social planner’s utility function and on the resolution of uncertainty over
time through learning. Kolstad seems to have used a strict definition of irreversibility,
however, while Ulph and Ulph did not consider investment irreversibility. Despite the recent
attention it has received, the joint impact of irreversibility and uncertainty on the
management of stock pollutants does not seem to be fully understood.

This paper extends the literature on uncertainty and the irreversibility effect for the
management of stock pollutants. We focus on uncertainty in the stock of pollutant
(environmental uncertainty). To be in a framework favorable to the “irreversibility effect”,
we assume that information about the evolution of the stock of pollutant arrives in time
independently of the decision to invest (independent learning). Like Pindyck, we use
concepts from the theory of real options and a continuous-time formulation, which allows for
a full treatment of the dynamics of the problemWe show that there is no simple
irreversibility effect for the management of stock pollutants because there is a tension
between environmental and investment irreversibility. Moreover, the optimal decision to
reduce emissions depends on both the level and the nature of uncertainty. Hence, when
environmental uncertainty is “large enough,” we find that the emissions of pollutant should
be reduced immediately.

A by-product of this paper is a clarification of the concept of option value close in
spirit, we believe, to Weisbrod’s intuition. In the Arrow-Fisher framework, Conrad (1980)
and Hanemann (1989) linked quasi-option value to the value of perfect information on the
impact of development, conditional on preservation. As shown by Hanemann (1989), this

interpretation cannot be generalized so, we rely on the theory of real options and we use the



same formulation for the deterministic and stochastic cases. This gives us a deterministic
option term, which we interpret as the value of the flexibility to modify an irreversible
decision. Option value thus exists independently of the arrival of information over time.

This paper is organized as follows. In Section Il, we introduce a simple continuous-
time model, which features a single stock externality. We formulate our pollution control
problem as an optimal stopping problem in which a risk-averse social planner has to choose
when and how much to invest in a one-time reduction in pollutant emissions. In Section lll,
we solve the corresponding deterministic problem to get a benchmark for the impact of
environmental uncertainty. In Section IV, we analyze two classes of stochastic models to
explore the impact of the specification of uncertainty. One class gives finite expected social
damage for all values of pollutant stock volatility, and the other one does not. A numerical

illustration is provided in Section V. The last section summarizes our conclusions.

. A MODEL OF POLLUTANT STOCK UNCERTAINTY
We consider a stylized model with one stock pollutant, which decays ai rat@.
We denote by X the stock of this pollutant andtk rate of emission. To focus solely on the
variability of X, we assume that;Es constant. Problems with more than one stochastic
variable are notoriously difficult to solve analytically. Because of the randomness of
physical and chemical processes that contribute to the decay of the pollutant, we suppose that

X follows a diffusion process, which belongs to one of two classes of stochastic processes:
(1) dX=a(i—X)dt+\/vXpdz, p=1,2
a

The quantity vXX = 0 is the infinitesimal variance of the stock pollutant process and dz is an

increment of a standard Wiener process (for an introduction to stochastic calculus for



economists, see Dixit, 1993). The parameter v characterizes the volatility of the stock of
pollutant. Wherp = 1 (Model 1), the infinitesimal variance of the process followed by X
increases linearly with X, whereas wherr 2 (Model 2), it increases with the square of X,

as for the geometric Brownian motiénFrom Equation (1), we see that X remains non-
negative and tends to revert Fel—; thus, the decay rate, also characterizes the speed of
o}

reversion. We denote by X(0) the initial stock of pollutant.
We further assume that the flow of social costs resulting from pollution damage,
noted C(X), is given by:
2 C(X)=-¢x*
where A = 1. In the following, we normalize the valuation paramegeto 1. This
formulation is appropriate for stock externalities, i.e. situations where social damages result
not from the emissions of a compound, but rather from its accumulation. The suspected
impact on the climate of the accumulation of greenhouse gases provides a good example.
We assume that pollutant emissions can be decreased frtmmaEconstant £ at a
cost K, which may depend on Bnd on k- E;, but not on X. We suppose that K is sunk,
which is often reasonable for pollution control measures (e.g., the installation of scrubbers by

electric utilities). After emissions have been reduced, X follows the process:
E

() dX=a(=2-X)dt++vXPdz,p=1,2
a

We consider a risk-averse social planner with a temporally additive and separable
utility function noted U{) for the flow of social damage from pollution. To simplify our
calculations, we assume further that the planner’s utility is linear in K, and that U( -¥,) = -y

where y= 0 measures the flow of social damage from pollution, and whersuch thakd



= m is an integer strictly greater than 1. In this formulation, increasing constant risk aversion

and increasing physical damage have the same qualitative impact, although this is clearly not

the case in general. As for quasi-options, option value exists independently of risk aversion.
The objective of the social planner is to find the values,artel T that maximize the

present value function:
(4  JTE,)= Soj'- XMe dt-e " TK(E,,E; - E,)
0

subject to Equation (1) fort < T and to Equation (3) forx T, with X(0) given. E(0<
E,< E;) is the rate to which pollutant emission should be reduced; T is the socially optimal
time at which to cut emissions tg;E€; is the expectation operator for information available
at time t = 0; and r is the social discount rate. In this model, we thus have a continuum of
possibilities to reduce pollutant emissions with independent learning. Indeed, information
arrives over time in the form of a realization of the diffusion process followed by the stock of
pollutant, independently of the decision to invest in the reduction of emissions.

This optimization problem can be solved in two steps. First, for an arbitrary value of
E,, such that & E;, < E;, we calculate the critical stock of pollutant, denoted x*, at which the
rate of pollutant emission should be reduced franoEE, for an arbitrary function K(E E;-
E,). The values of X less than x* define the so-called “continuation region,” or region 1,
where the optimal decision is to wait. As soon ag& X*, which defines the so-called
“stopping region,” or region 2, the rate of pollutant emissions should be reduced to E

For the second step, it is first necessary to calc@af€(x*;E,), the expected time at
which the stock of pollutant reaches x* for the first time, given an initial stock of pollutant

denoted X(0). We could then substitute these results back into the objective function and



minimize it with respect to £ Since we are interested in how x* could vary with v, we
focus only on the first step of the solution procedure and we taks Biven. The optimal
value of & would depend on the function K{B5;-E,). To simplify our notation, we omit,E
as an argument of both the option term and expected social damages.

This is a standard optimal stopping problem, which bears similarities with an optimal
investment problem. To solve it, we use stochastic dynamic programming and concepts from
the theory of real options. Leti(X;v) denote the value function in region “i". The

Hamilton-Jacobi-Bellman (HJB) equation is:

dV; (x; V) N vxP d?V, (x; V) =

5 V. (x;v) = =x™ + (E; - ax =1,2
(5)  Vi(xv) (€ o e

The left side of Equation (5) can be interpreted as a return; the first term on the right side is
the flow of social pollution costs; and the last terms represent the capital gains.

Equation (5) is a second-order linear differential equation. Its solution is the sum of a
particular solution, noted;R;v), plus the general solution of the associated homogeneous
equation, noteg(x;v). We select #x;v) so that it represents the expected social costs from
emitting pollution at rate iHorever, given X, the current stock of pollutarfi(x;v) is the
value of the option to reduce emissions. Since it represents the value of the possibility of
doing something, it is by definition non-negative. In this context, waiting decreases the
present value of the cost of reducing pollutant emissions while cutting down on emissions
earlier reduces the present value of pollution damages.

When we consider a one-time reduction in pollutant emissions, there is no option
term after pollutant emissions have been reduced.toTBus, the solutions of Equation (5)

in regions 1 and 2 are respectively:



(6)  Vi(sv) =0 v) +Pi(X;v), Vo (xv) =P (X; V)

To find x*, we need two additional conditions (see Brekke and Oksendal, 1991.)
First, at x*, the value of the option to reduce the rate of pollutant emissions plus the social
cost of polluting forever at rate; Ehould equal the social cost of polluting forever at rate E

plus the cost of reducing emissions fromd&E,. This is the continuity condition:
(M) OOV +PX V) =P (X 5v) - K
The second condition, called “smooth-pasting,” says that, when it is optimal to exercise the

option to reduce pollutant emissions, the marginal change in the value of the option equals

the marginal change in the difference of expected social pollution costs:

dp(x";v) _dRy(x";v) _dR(x ;V)

8
®) dx dx dx

By combining these two conditions, we obtain a “stopping rule” of the form:

O(3v) _Po(xiv) -P(X ;v) -K
dp(x;v)  dR(x';v) dR(X;V)
dx dx dx

9)

Equation (9) equates the instantaneous rate of return of the option to reduce pollutant
emissions with that of the corresponding net reduction in the expected social costs of
pollution. They are written in reverse form to avoid possible division by 0 (see the
expressions of jbelow). The smallest non-negative root of this equation (denoted x*), if it
exists, defines the critical stock of pollutant at which pollutant emissions should be reduced
from E; to E.. Moreover, we will see that if Equation (9) has only negative solutions

pollutant emissions should be cut immediately.



. SOLUTION OF THE DETERMINISTIC MODEL
In this section, we derive a deterministic benchmark for the stochastic models of
Section IV. Using the same formulation for the deterministic and stochastic cases also
allows us to illustrate the concept of option value in a real options framework. As shown
below, we can define an option term under certainty. Following the investment literature on
real options, we interpret this term as the value of the flexibility to modify an action with
irreversible consequences (e.g., see Trigeorgis (1995)).
Until the end of this section, we thus assume that v = 0 so both stochastic models
reduce to the same deterministic form. Equations (1), (3), and (5) simplify to first order linear
differential equations. Integrating Equations (1) and (3), we obtain:
EE—1+(X(O)—%)e_“t,OstST

(10)  X(t)=
F2  (x() - E2)e 9t 57
Ha a

. . E; :
Thus, when Eis held constant, X converges monotically towards and it never crosses
a

this value. We can now calculate the present value of social pollution costs.
Lemma 1 If the rate of pollutant emissions is fixed atld the initial stock of

pollutant is x, the present value of social pollution cosfs is:

m m-k
(1) RO =-yxK TS

k=0 ' |_| (r+jo)
j=k

=12

Moreover, the option term ig(X;0) = Max($(X), 0) , with:

(12)  §(X) = AglaX - E1|_F



Ay Is a constant to be determined jointly with the critical stock of pollutant at which it is
optimal to reduce pollutant emission fromti E.

Proof. We can find the present value of social pollution costs by calculating

+00
- . . . Ei, _ E; . .
- Ixme "dt, with X(0) given, subject toX(t) = (X(0) ——-)e™ " + =L, The option term is
a a
0
the solution of the homogeneous equation associated with Equation (5) with v = 0. ||
We can now derive the deterministic stopping rule.

Proposition 1 The following equation has at most one non-negative root, denoted

y*:
(13) E, —ax _ P, (x;0) - P (x;0) - K
r dR,(x;0) _ dR (x;0)
dx dx

If 0<y” <—L, y*is the value of the stock of pollutant, denotgd at which it is optimal to
a
reduce pollutant emission fromy Bo B .* If Equation(13) has only negative roots, the
_ . : . « B .
emissions of pollutant should be reduced immediately. Finally, #—X, it is optimal to
a

invest now in pollution reduction providd® (x;0) — P, (x;0) - K > 0, and never otherwise.

Proof. To derive Equation (13), introduce Equations (11) and (12) into Equation (9).

Reorganizing the terms of Equation (13) leads ftdx;a,r,K)= , @here
Fx: o, K) =P, (x0) - Py (x:0) + X _EL AR (X0 dR(COH | Introducing
r ] dx dax [

Equation (11) into the expression of ffe,K) and simplifying gives:

10



m_lxk mt(Eq - E,)ET !

f(x;a,r,K)= Z ” — -K. f(x;a,r,K) is thus continuous and strictly
k=0T [+ o)
j=k+1

increasing in X, so Equation (13) has exactly one solution i i(®&) < 0. Equation (13) is

the deterministic counterpart of the stochastic stopping rule for this problem (Equation (9)).
On the other hand, if f(@;r,K) > 0, Equation (13) has no solution. This is possible

only because K is so small arand r are so large that it is inexpensive (and optimal) to cut

emissions right away compared to the expected reduction in social damages from pollution.
. _E , "
For the case where, > —%, let us show that the smooth-pasting condition forces the
a
option term to be zero. Indeed, from Equation (11), the right hand-side of the smooth-pasting

condition, given by , Is strictly positive for all > 0. However, the left-

dP; (x;0) ) dR, (x;0)
dx d

hand side of the smooth pasting conditiong%@:gi, which is negative when
X 1 —Qax

E . . . .
x >—L  unless the constaniAn §(x) is negative. This forces the option terx), to be
a

zero. Investing to reduce pollutant emissions when pollution is decreasing is thus a “now or
never” proposition. 1fJ(0,E,) — J(+»,E5) = P,(x;0) - P (x;0) - K > 0 we should invest
now to reduce pollution and never otherwisg.

Proposition 1 simply says that there are two cases where the possibility to delay an
investment for cutting pollutant emissions has no value. In the first case, the stock of
pollutant is increasing over time and reducing pollutant emissions is relatively inexpensive so
it should be done immediately. In the second case, the stock of pollutant and associated

social damages decrease over time. Since waiting decreases the benefits of reducing

11



emissions without affecting its costs, it has no value. The decision to invest can thus be
based on a conventional cost-benefit analysis. Fisher, Krutilla, and Cicchetti (1972) found a
similar result in their analysis of the development of a scenic canyon on the Snake River.
They showed that when the benefits of preservation are increasing over time relative to the

net benefits from development, it is optimal to develop either now or never.

E;, . . .
These results also show that is a barrier that separates the range of values of X in
a

two subsetsX <—X, where waiting is valuable if K is neither too cheap nor too expensive
a

compared to a reduction in social damages from poIIution,)aBGE—l, where there is no
a

option value. We will see below that the singularity—g¢ for the deterministic case has
a

implications for the stochastic models.

IV.  ANALYSIS OF THE STOCHASTIC MODELS
We now assume that v > 0. For both models, we start by calculating the expected
social costs, denoted by, Rnd the option terms, denoted y The superscripts “I” and
“Il” refer to Model 1 and 2 respectively (see Equation (1)).
Lemma 2 For Models | and Il, the expected social costs from continuing to pollute

forever at rate E given an initial stock of pollutant x, are respectively:

i Irﬁl(Eiﬂv/Z)
(14) Pl(xv)=- xk T IE i=1,2
=L
[1(r+ia)
=K

12



m m-k
« m Ei

(15) P'(x:v)=- o io1o
k=0 : I—l(r+jq—j(j_1)v/2)
=k
For P (x;v) to be finite, we must havé:< v < 2%_

The corresponding option terms are givendif)X;0) = Max($(X), 0), with:

(16) $I(X;V):AO¢BL,£;2—GXE
m' v’ 'v'[

an 5 =8, Bl wih o Eeh
Oox g o

VX [

Ao and B are constants to be determined jointly with x®(a,b;y) and ¥(a,b;y) are
respectively the confluent hypergeometric functions of the first and second kinds with

argument y and parameters a and t and & are functions of r, v, and defined by:

—B!+GH+\/B!+Gg+2I’V
2 DV O ,a=2[3+2+270‘

(18) B=

Proof. For both models, we derive expected social costs from the moment generating

function of the stochastic process X, notedN)( and from the relationship:
0"M(0,t
a9 T = ("ExT).

Details of the calculations of M) are presented in Appendix Al.
To find the option terms, we look for a solution to the homogeneous equation
associated with Equation (5). This solution should be well defined at X = 0 and increasing in

X because the larger is X, the larger are expected social damages, and so the more valuable is

13



the possibility of reducing pollutant emissions. Details of the derivations are presented in
Appendix A2. ||

Note that, for both models, the magnitude of expected social costs is increasing in v,

but Pi” (x;v) is much more responsive to changes in v tﬁ’étx;v . This feature seems

reasonable for a number of stock pollutant problems. Indeed, for global climate change, an
increase in the atmospheric concentration of greenhouse gases could cause increases not only
in mean temperatures but also in temperature and rainfall volatilities, with potentially
dramatic impacts on agriculture, for example.

We can now derive the stopping rules for both models. We find:

Lemma 3 The critical stock of pollutant, denoted x*, is the smallest non-negative

real which verifies the equations:

r 2E1 2a H
(D | * | *
(20) m v v [ :Pz(x V) -P (x ;v)-K
LCDBLHLEHL;Z—GX*H dP} (x ;V)_dpll(x V)
E, (o Vv v O dx dx
2E15
1) vx' O (x*;V)-Pl” (x";v)-K
* N,u*.
2E, qJHHlEJrlZElB_qJHSE 2E15 dP) (x V) dR (X 7;V)
vx' vx O vx O dx dx

Proof. Introduce the results froltemma 2into the continuity and smooth-pasting

conditions and rearrange to get rid of the unknown constarasd\B. ||

One important difference with the deterministic case is Eﬁatjs no longer a barrier
a

for X (see Equation (1)). Thus, there can be a positive option value e\)ér»Ei,
a

although it may be small as we will see in the numerical illustration. Equations (20) and (21)

14



define implicitly x* as a function of v. Unfortunately, it is not possible to find an explicit
expression for x* nor to analyze how x* changes with v because of the complexity of the
hypergeometric functions and their derivatives with respect to their second parameter. We
thus examine how x* changes for “small” and “large” values of v. Considering first “small”
values of v, we have:

Proposition 2 The limit when v goes to zero of the stochastic critical value of the

stock of pollutant, denoted,, equals the deterministic critical value, denouefgl Thus, if

« B . . . e . .
X, <—%, X, is the non-negative root of Equation (13) if it exists, and zero otherwise. If,
a

« By oo ,
however,x, > Fl’ X, IS the non-negative root OEPZ (x;0) — P,(x;0) — K] =0.

In addition, for small values of v, x*(v) may be larger or smaller tﬁén depending

on the cost of cutting emissions relative to the benefits of reducing expected social damages
from pollution.

Proof. To prove this proposition, we derive first-order expansions in v of each side
the stopping rules, which we denote by LHS(x*;v) and RHS(x*;v) for left hand-side and
right hand-side respectively. Details of the derivations can be found in Appendix B.

Equating the constant terms in LHS(x*;v) and RHS(x*;v) proves the first part of this
proposition. It is clear from the expressions of the expected social damages for both models
that taking their limit when v goes to zero gives the expression of social damages in the
deterministic case. Using results from Appendix B, it could also be shown that the limits of

the stochastic option terms, when v goes to zero, gives the deterministic option term.

15



Equating the first order terms in v of LHS(x*;v) and RHS(x*;v) giv%)é— (0) for
v
each model, but its sign is ambiguous (see Equation (A29)). Considering specific values for
25 in the expression o?dL(O) , we find:
%

0 mm-1) Ef"*(E; - E,)

D 4(r+a) (EML - Em'l) <0.whento =0

*I
(22) (0) ? >0, whenX,, = S22 ith le| smalll

D r-(m-2a
@20([r+(m 2)0(]

, Whenx, >>—1

~EPUE, - z)z 0=

I‘+jd

OO

<0, whenX, =0

Hr+o)(E - B35 + (B, - Ep)ES )

* |:| 2 +

23 (0= BE—>0 whenx, = ELEE€
dv alle

Dx_o r? +ro - m(m-2)a? wheni s> F1
52 a(r+ma)(r+(m-2a)’ " a

O

small

Both models give qualitatively similar results. Wh%@;\z , Wk see from Equations

(22) and (23) tha%i (0) <0. This case occurs when K, r, ame¢ombine to make reducing
v

emissions attractive, so environmental irreversibility drives the solution. Then, as K
increases or as r and decreaseX, increases and investing to reduce emissions becomes

less attractive. Investment irreversibility becomes more important compared to

. . I . E : . L
environmental irreversibility. WheR, = —, we reach the singularity for the deterministic
a

16



case, which is a barrier for the existence of the deterministic option term. This causes

C::IL(O) to tend towards et for both models, but faster for Model 2 than for Model 1. Away
v

dx’

. . — E
from this singularity, forx, >>—%, ——
a dv

(0) <0 if r is smaller than an increasing function
o}

of m, where m increases with the severity of social damages and with the social planner’s

risk aversion, ancfiii(O) >0 otherwise. Specifically,ddi (0)<0 if T <m-1 for Model
\ v a

- 2 _
1, and if < 1+ 4m2 8m +1 for Model 2. ||
a

Thus, when the volatility of the stock of pollutant is small, we do not know a-priori
how we bias our decision to invest to reduce pollutant emissions if we rely only on the
deterministic model, which is the common approach in a standard cost-benefit analysis.
Depending on the model parameters, either environmental or investment irreversibility could
dominate, so there is no simple irreversibility effect.

Let us now investigate how x* changes when v is “larger.” We have:

Proposition 3 Unless reducing emissions is inexpensive compared to the resulting
savings in expected social damages from pollution, there exists a unique permissible v such
that x*(v) = 0.

Proof. To prove this result, we set x* to zero in the stopping rules and look for a

+m

permissible v, i.,e0< v for Model 1 and0< v < Zr—a for Model 2.

m(m-1)
Let us start with Model 1. Setting x* to zero in Equation (20) and rearranging terms

m  E;-E, T2IE, +05)v

r+ma E, D)H r+ja

gives f ! (v;a,r,K) =

%K =0. The functionf'(v;a,r,K )

17



is clearly continuous in its arguments, decreasing in K, roandcreasing in v, and positive
for large enough values of v. ff (v;a,r,K)< ,@here exists a unique v such that x*(v) = 0.

Otherwise,f' (v;a,r,K) > Qimplies that K, r, oo are too low forf ! (v;a,r,K) = Oto admit
a positive solution in v. This means that reducing pollutant emissions is relatively
inexpensive, so it should be done immediately.

For Model 2, we proceed the same way. We set x* to zero in Equation (21) and

simplify, using U(a,y,z) =z (1—@

+0(E)) when z- +oo, (see (9.12.3) p.270 in
z

Lebedev) and the identity-vB(1+B-&)=2r. This leads tof" (v;a,r,K)= 0 where

mEJ(E, - E,)
m
ri | (r+ja-0.5vj(j-1)
=1

f'v;a,r,K)=

- K. The rest of the proof is identical. ||

The intuition here is the same as in Proposition 1. If the cost of reducing pollutant
emissions relative to the corresponding reduction in expected social damages is small enough
under certainty, then we should invest right away to cut down pollutant emissions.
Otherwise, there exists a permissible value of v such that it is optimal to invest right away to
reduce pollutant emissions. The key here is to notice that, as the volatility of the stock of
pollutants, v, increases, the expected social damages from pollution go to infinity for both

models (see Equations (14) and (15)), while K remains unchanged.

V. A NUMERICAL ILLUSTRATION

A numerical illustration is presented in Tables | and Il and in Figure |. Table | shows

how the critical stock of pollutant at which pollutant emissions should be reduced, x*(v),
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varies with v when ¥« 0+, for a range of parameter values. Although the primary purpose of
this table is to illustrate the main result of Proposition 2 (x*(v) may increase or decrease as v
increases from 0), it also helps us confirm our intuition on a number of points.

First, as expected, we observe that, the largerdsr, the larger is x*(v): indeed, if
the pollutant decays faster or if the social discount rate is higher, expected future damages
decrease. Moreover, all else being equal, the faster expected social damages increase with
the stock of pollutant (i.e. the higher is m) the earlier pollutant emissions should be reduced.

Since x*(v) is very sensitive to m, we have to use much higher values of K for m = 3 than for

. . E _
m = 2 to obtain values of x* comprised between 0 afd Moreover, variations of x*(v)
a

and ¢*/K, the option value at the critical stock of pollutant normalized by the sunk cost of
reducing pollutant emissions, are much steeper for Model 2 than for Model 1. Note that the
option value can be as large as K or larger (e.g., see thencad®03, r = 0.02). This
suggests that ignoring the option value, as is often done in conventional cost-benefit analysis,

can lead to very sub-optimal decisions. Finally, note that the option value goes to zero as v
* El . - - -
goes to zero wher, > —, because the option term is continuous in v.
a

Table 1l shows values of the volatility parameter v for which x*(v) goes to zero.
Again, the larger ist and r, the larger is the corresponding value of v. Likewise, the larger is
m, i.e. the higher is social damage associated with the level of stock pollutant, the smaller is
v. ltis also of interest to focus on the results for Model 2 in Table II, because very small
values of v require investing right away in pollution reduction (e.g., consider r = 0.02). This
illustrates the danger of using a certainty equivalent in stochastic models that are sensitive to

a volatility parameter, even when volatility is “small” since “smallness” is context dependent.
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Finally, Figure | illustrates the variations of x*(v) with v for Model 1 when m = 2.

Quialitatively similar results were obtained for other values of m and for Model 2.

VI. CONCLUSIONS

We have analyzed the tension between environmental irreversibility and
irreversibility in pollution control capital investment under environmental uncertainty using a
real options approach in continuous-time. This formulation allows for a full treatment of the
dynamics of the problem and illustrates the link between option value and flexibility. When
uncertainty is low, we have found that we cannot a-priori know the bias introduced by
neglecting uncertainty, an approach that would probably be followed in a conventional cost-
benefit analysis. When uncertainty is “high enough,” however, we have shown that it
becomes optimal to invest right away to reduce pollutant emissions because expected social
damages increase with the level of uncertainty. Thus, there is no simple “irreversibility
effect” when more than one type of irreversibility is present. Moreover, to properly account
for the impact of uncertainty, we have to consider not only the level and the nature, but also
the specification of uncertainty. This is illustrated by a comparison between our two
stochastic models, and by a comparison between our results and Pindyck’s (1994).

Our model is obviously too simple to capture the salient features of the global
warming problem. For example, it considers only fixed emission levels, and it ignores
technological change as well as uncertainty in the valuation of damages from global
warming. It does nonetheless indicate that global warming scientists should concentrate on
modeling uncertainty accurately, and that high levels of environmental uncertainty probably

warrant early action to reduce the build-up of greenhouse gases.
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APPENDIX A

In Appendix Al, we derive the moment generating functions of the processes
considered and in Appendix A2, we show how to derive the option terms for both models.
A.1  Expected social damages.

We first summarize the method used, and then provide the main intermediate results.
For more details, see Cox and Miller (1965). Let X(t) be a diffusion process which verifies:
(Al) dX=a(X,t)dt+b(X,t)dz
where dz is an increment of a standard Wiener process. The moment generating function of
X(t), noted M@,t), is defined by:

+oo

(A2) M(6,t)=E(e™™)= Icp(xo,to;x,t)e‘exdx

@(Xq,15; X, 1) is the probability density function for x at t, givengkt Xo. Then:

aM(G t) a(P(X(),to’X t) —exd

(A3)

I

To derive M@,t), we insert the left-hand side of the Kolmogorov forward equation:

2
(A%) %;—(bz(x D@0 to: X, t))——(a(x X0, 1o %, 1)) -—cp(xo,to,x 0

into (A3), integrate by parts, and solve the resulting partial differential subject to the

boundary conditions:

oM©0.,0) _ _, 9*M(0,0) _

A5)  M(O,t) = ,
(AS) MO =1 —¢ 0 T ag2

0

* Model 1: dX = (E —aX)dt ++/vXdz

For this process, the Kolmogorov forward equation is:
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(AB) —=——+(vtax- E) +0((p
ox?

After substituting (A6) into (A3), we integrate to obtain:

2 M- ga+Ye)™M _eom
at 2 98

Solving this partial differential equation subject to the boundary conditions (A5), we find:

-2E
e (] -at —at (]
(A8) M(O,1) = El+ vO n+C, 20e 2QZGe 1
0 200 B 2a+0v 2 oo +ev E

o ey= ot o= ifE-oxor f -

«  Model 2: dX = (E - aX)dt ++vX?dz
For this process, the Kolmogorov forward equation is:

0Q vx? 0%
A9 ———+ 2vx +ox —E +(v+a
(A9) 3t 2 o ( )X ( )®

After substituting (A9) into (A3), we integrate to obtain:

oM _v_,0°M oM
(AL0) =505 ~6u s ~EOM

The solution to this partial differential equation with boundary conditions (A5) is:

= o o

g avg oV 0 -2an [}V HZ+°° Ov O
(A11) M(B,t)= +B,e ——  +B,e R E———
Bapag " By my T BEA, g
Har O VIO o VL

WithBlzg—xo, % H— B 2E° %

o Coo-v O((20( V)
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Let us now look at the restrictions on v f@i{‘m (x;v tg be finite. From Equation

(15), it is infinite if v =2 k(kkl) 2< k< m. Since these ratios are decreasing in k, v has to
be smaller tharﬂ%. Thus, the larger is m (the larger are pollution damages or the
m(m —

social planner’s risk aversion), the smaller is the range of v for which the expected social
damages from pollution are finite.
A.2  Option terms.

* Model 1. The change of variablés= 2aX and W(Y) = V(X), leads to:
v

(A12) y &W By IW T
dy? Y dY «a

This is Kummer's Equation (Lebedev (1972)). A general solution to this second order

ordinary differential equation can be written:

2E,
1-

(A13) WO =Age(C By rBgy v o L2 Fy

a \Y \Y

If Bo were non-zero, the second term on the right-hand side of Equation (A13) would cause

6&[5((30; v) to be infinite. We thus sefyBo 0 and obtain Equation (16).
X

* Model 2. The change of variablés= % and B—ﬁW&H— V(X) leads again to
vX OX O 0OvX [

Kummer’s equation, but this time we write its solution as follows:

(A14) V(X;v)=A B—gqa([sa 1)+B B—ﬁw(fsz 2E1
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The option term should also be well defined at X = 0, and increasing in X. Since

2E1) rE 5—5 Ln(x)

X PP
2B I_([3)

[1+0(X)], the first term on the right-hand side of

Equation (A14) grows unbounded when X 0+. From (9.12.1) in Lebedev (1972),

W(a,b,zxz? when z -~ +w, so when X- 0+ the second term on the right-hand side is

equivalent toBO%E . The value of the second term on the right-hand side can thus be

defined by continuity at X = 0. Setting,#0 zero yields Equation (17).

APPENDIX B
In B1 and B2 below, we respectively outline the derivation of approximate
expressions for the left and right hand-sides of the stopping rules given by Equations (20)
and (21) when v increases from 0+. We combine these results in B3 to obtain a first-order
expansion of x*(v) when % O+.
B.1  First-order expansion in v of the left hand-side (LHS) of the stopping rule.

In the following, we show that:

|:| ~* P *
§=) - aX, §+a Xo _adx (O)E(+o(v),if % <E
. r i 2r (E,-0X,) 0 a
(A15) LHS(x ;v) =0
X v

~%

"o ¥
F(ax, —E;)

. ~— _E
+0o(v),if Xy >—%
a

wherep = 1 for Model 1, angb = 2 for Model 2.

* Model 1. When v 0, we have the formal convergence, for a non-negative integer k:
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&+ '

+
2E * = X,
(A16) d(k +:k + 251, 20X )~ SFe)= 3 - O‘Q‘Ehxoﬁ
a \% \% e n E;

From Lebedev (p. 275), the last series on the right side of Equation (A16) converges towards

T

aXy He . X - E o .
-0 provided —% <1 H.e. X, <—15, where X, =limx*(v). When this
E, E, 0 ar V-0

condition does not hoIcS(i;) =+o00 . We thus need to distinguish between two cases.

- _E . :
When X, < —, we use the recurrence relations on page 262 of Lebedev to derive:
a

(A17) ®@bby) (a+1)z
d(a+lLb+1bz (b+1) d(a+lLb+1bz)
d(a+2,b+2bz)
. r 2E,; ax . . , ,
We substltutea=—,b=—,z=E— in the above and simplify to find the first part of
a % 1

Equation (A15).

— _E . . o
When X, >—, we extend (9.12.8) in Lebedev to derive, for k non-negative integer:
a

2E r 2
" I'(k + 71) 2ax” o g2 [ T ika i
(A18) D(k + K+ 251 20Xy _ Y EZO‘X E’ BT, b
a \Y; \Y; Vv ax*
e+ ) H - H

Using this result for k = 0 and 1 gives the second part of Equation (A15).
« Model 2. It is convenient to proceed slightly differently. First, we consider a sequence

(Vn)n=1, defined by1+ 3, —§,, =— n so that:

r+na
n(n-12)

(A19) v, =2
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We add the subscript “n” to indicate that we consider this sequence in the definition of

various parameters. From (9.12.3) p. 270 in Lebedev, this sequence greatly simplifies the

calculation of W(3,,,¢ ) Wherez,, = =25 , since:
XV

n

I"I’I"I

(A20) W@, .5,.2,) =2, —an( 1)n([3 n)k ( n)k _

We use this relationship for our calculations in the numerical illustration. Then, using

recurrence relations (9.10.13) and (9.10.14) on p. 266 in Lebedev, we find:

n
(A21) R, =B, +—=——

WPn&niZzn)  gm = PBaltE&nZn) Ao e R =R
’ n

whereR,, = n .
WaA+Br1+80.2,) WL+B,2+E,,2,)

SO

Equation (A21) allows us to calculak= lim R,. Since Ris non-negative, eitherOR <

n - +oo

+oo Or R = 4e0. First, if 0< R < +eo, taking limits in Equation (A21) gives:

(A22) r='_FEi
aoax-E;

Since R is non-negative, we cannot obtain this resulif— . Next, if R = o, we rewrite
a

_ ~Ba Ry
. R, zn R
Equation (A21) as—" =1-—"—" and take the limit as B +c0. We find:
Zn 1+Bi
n
. R, R E, —ax
(A23) lim —"= |im —h=—1
Note Z 0 Noteo 7 El
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. . . . . E . E
Since R is non-negative, the above result is impossible ¥f—. Hence, if x <—
a a

Equation (A23) holds, whereas i¢>5, Equation (A22) holds. These results give us a
a

first approximation of the left hand-side of the stopping rule for this case. WlereEl,
a

this is just a constant, however, and we want the term of order v. We thus use recurrence
relationships (9.10.15) and (9.10.16) p. 266 in Lebedev to derive:

WY(ab,y) _1_b+ a+l

yP@+Lb+ly) ~ y W@+lb+ly)
Y@+2b+2y)

(A24)

We iterate this relationship once, substifditer a, ¢ for b, andE for y, and simplify. We
VX
introduce the result in the left-hand side of Equation (21) and use:

(A25) p=LH-9*T

o+
a 2a?

v+dWE
C

to get Equation (A15) for the case< E .
a

B.2  First-order expansion in v of the right hand-side (RHS) of the stopping rules.
This simply requires a fair amount of tedious algebra. The important relationship for

Models 1 and 2 are respectively:

m-1 V. Cmekpq, YV (M-K)(m+k-1)
(A26) D((EHE)-E 1+ o 5 +0(Vv))
- y [0 +]ja)
A27 +jo——j(j-1) = —=~ +
( )!:I!(r ja--i0-1) vEi-D o(v)
2& r+ja
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We find:

(A28) RHSX ;v) =

P PP -PP P, -PP, O
P BP -PR, dX(O) , PP PP+ o)
P O ( x) dv (R)* O

where P is an abbreviation foiP(X;0) =P, (X:0) - P,(Xp,0) = K It represents the net

benefit of reducing emissions éiﬁ under certainty; anc@lsx ,ﬁv,ﬁm and'l5XV are respectively
the first derivatives with respect to x and v, and the second derivatives with respect to x twice

and x and v, of P(x;v) evaluated ﬁé(,O). R is given by Equation (14) for Model 1 and by

Equation (15) for Model 2. The superscripts “I” and “II” are omitted to lighten our notation.

*

B.3  Expressions ok, and d; when v= 0+.
v

First, we derive the equation verified b“§/z, by equating the terms of order O in

~%
- GXO

_ « E . . E P _
Equations (A15) and (A28). Hence, K, <=L it verifies —% :.F.)i, which is
a X

_ - _E — = . .
Equation (13). On the other hand,x% >—L then Xq Vverifies P= 0. P(x;0) is increasing
a
in X so it has at most one root. This proves the first part of Proposition 2.

For ddi we combine Equations (A15) and (A28) to find:

v
Er +a Xf)p E)vin _ﬁﬁxv
O 2r P,)? ;
e e A
(p2g) KO _F o BBy
O r (Px)
U _«p ~ E
0 %o - =, whenxy >—
(aXo ~Eq)  Fx o

wherep = 1 for Model 1 angh = 2 for Model 2. The notation is defined in B.2.
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TABLE I x*(v) and corresponding option value for "small" v.

a=0.02 a=0.03 a=0.04
v X* o*/K X* 0*/K X* 0*/K
m=2, K=7500, §=0.7; Model 1
r=0.02  0.0000 -2.50 .- 600 82.0% 1333 31.1%
0.0025 .- .- 598  821% 1335 31.2%
0.0050 .- .- 597  822% 1336 31.3%
r=0.04  0.0000 2833  18.1% 4500 0.0% 7750  0.0%
0.0025 28.39  182% 4513  02% 7752  0.0%
0.0050 28.45  18.4% 4525  0.4% 7753  0.0%
m=2, K=7500, E=0.7; Model 2
r=0.02  0.0000 -2.50 .- 600  82.0% 13.33 31.1%
0.0025 .- .- 543  86.6%  13.10 34.2%
0.0050 .- .- 486  91.3% 1273  37.4%
r=0.04  0.0000 28.33  18.1% 4500 0.0% 7750  0.0%
0.0025 28.77  22.6% 4761  57% 7830  2.8%
0.0050 28.62 26.0% 4844  95%  78.66  5.3%
m=3, K=175000, E=0.7; Model 1
r=0.02  0.0000 -5.43 .- 735  188.4% 13.739 69.6%
0.0025 .- .- 731  189.0% 13.739 70.1%
0.0050 .- .- 727  189.6% 13.738  70.5%
r=0.04  0.0000 16,75  96.4% 2333 283% 31.82  0.0%
0.0025 16.74  96.8% 2340 28.8%  31.90  0.4%
0.0050 16,73  97.2% 2345 29.3%  31.97 0.8%
m=3, K=175000, E=0.7; Model 2
r=0.02  0.0000 -5.43 .- 735  188.4% 13.74  69.6%
0.0025 .- .- 6.12  212.4% 1319  82.2%
0.0050 .- .- 480  238.9% 1240  96.2%
r=0.04  0.0000 16.75  96.4% 2333 283% 31.82  0.0%
0.0025 1569 111.9% 23.60 40.8%  32.89  10.4%
0.0050 14.47 1272% 2310 51.9% 3288 185%
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TABLE Il: Value of v such that x*=0

a Model 1 Model 2
m=2 m=3 m=2 m=3

r=0.02 0.02 -- -- - - - -

0.03 0.600 0.304 0.024 0.012

0.04 1.600 0.791 0.053 0.027
r=0.03 0.02 1.225 0.350 0.033 0.011

0.03 2.650 0.925 0.059 0.026

0.04 4.375 1.569 0.083 0.039
r=0.04 0.02 3.400 0.914 0.057 0.021

0.03 5.600 1.633 0.080 0.034

0.04 8.200 2.424 0.102 0.046

Note: K = 7500 for m = 2, and K =175 000 for m = 3. For both values ob#10.E

40.00 ‘
VO, D SV
)Ze(x X~ .
X X .
30.00 & .
X
" —— =002
' --0--r=0.03
% 20,00 X
X — x-- 1=0.04
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Vv

FIGURE I: x* vs. v for Model | with E =1, E;=0.7, K=6000, andx=0.03



! See Dixit and Pindyck (1994) for an introduction to the theory of real options, and
Trigeorgis (1995) for examples of applications.

2 Model | is the square root process used by Cox, Ingersoll, and Ross (1985).

% We include 0 in the arguments affBr uniformity of notation with the stochastic models.

See Section V.

* When m = 2, we find thak, = 20 +0K _ B2 vhen Xo <5 Thus, X, increases
2(E; -Ey) a+r a

when r,a, or K increase, but the variations mg with E; or E depend on K. In general,

however, it is not possible to find closed-form expressionsx@or
> We can also find this result by solving the maximization problem directly. Hence, for m =
2, the second derivative with respect to T of the objective functionx’@t is

@e_(”aﬁ(a —aX(0)). This expression is non-negative only wh¥(0) < i_
o+r »

From Equation (10), iiX(0) > 5, X(t) remains aboveE—1 for all t, which shows the result.
a a

+00 k
® They are defined by(a,b;z)= Z%Zk—' where (aFl, (ay=al(a+1)a+k-1), and
k=0 k -

W(a,b;z) = - r{1-b)

—CD(a,b;z)+le'b<D(1+ a—-b,2-b;z). W(ab;z) is well defined
(1+a-b) I (a)

for all values of a and b, including negative integer values of b, and it is bounded with respect

+o00

to z (Lebedev (1972))I (x) = J’e_ttx_ldt, if Re(xX)> & the gamma function.
0
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