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1. Introduction

When should a leader adopt a new uncertain technology, if there is market aatthgpedfficiency
uncertainty? What is the real option value for a leader/follower with an investment opportunity to
invest in alternative new technologies, when both technologies are available, or when only the

slightly less efficient technology is curtgnavailable?

Firms face various types of uncertain while evaluating new technology investments. The most
common is Oarket revenueuncertaint which represents the uncertaintf changesin market
demandand/or price, but very often there is alsoethricald and OtechnologicalO uncertainties
which representhe uncertaintyrelated tathe performance of theechnology that persists afteeing
adopted (EAA)® and the arrival of new and more efficient technologies in trear future
respectively We derive a leadeffollower (exante) multi-real option modelwhich optimizes

investmens for contextswherethe abovauncertainies hold simultaneously

Suppose two firms are considering the construction of a new production facility which can either be
based on &echnology that is in the mark@ech 1)or a new technology thanay arriveat a not yet
know date(tech 2) Firms facesymmetricmarket demandand priceand tehnological uncertainty,
but asymmetric technical uncertainty due to tharning effect More specifically,tech 2 is more

advanced than tech 1 and more efficient, with the EAA ofthe twotechnologiedncreasing at a

constant rate over time due learning effect Therefore for any giventime t, with ¢! [O', ) the

EAA of the tech 1 or tech 2, if adopted,higherfor the leadethanis for the follower Firms play
thereforea oneshot investmengamewhere theymay be the leader or the follower, antopt tech 1
or tech 2 dependingon which of these strategies is the b&%¥e provide analytical or quasi
analytical investment threshold expressionsbimth firms forwhentechnological uncertainty holds

oris absent

An industry we have studied, natural gas fracking in the U.S., has some of the characteristics we
seek to model, with substantial market volatility (both in prices and quantity prodtedujcal
efficiency as frackers disclose periodic shifts in the quantity of gas developed per investment
dollars, and also the periodic reduction in operating cog&s time, as drillers become more
experienced. Typically, each of some eight substantial independent frackers discloses regularly
thousands of new development well investment opportunities (over one billion dollars), and the
resulting quantity of reservedeveloped, and average operating costs for those completed

investments. Each independent fracker offers guidance for develop opportunities and expectations

% In some circumstances the efficiency (quality) of a new technology becomes apparent only after adoption.
Consequently, the assumptionatha new technology, after adoption, will perform, technically, as the
developer/adopter predicts is not appropriate for some investment decisions.



over the next year, implying expected investment cost, expected future net cash flows, and
operatng efficiency levels. Finally, dramatic new technologies have transformed this industry into
one of the U.S. energy success stories, with greater horizontal drilling, deeper wells, and greater

volume developed per investment coSts.

McDonald and Siegd]1986) and Sick (1989) consider value and investment cost uncertdimties
monopolies, and with Smets (1998 duopolies followed by Dixit and Pindyck (1994), Huisman
(2001), Weeds (2002), Pawlina and Ko@@8) andvioretto (2008)among others.

For monopoly marketdyiurto (2007 studiesthe effect ofrevenuesand technological uncertainty
on the adoption of amew technology where he arrival date omore advanced technologiés
governed by a Poisson distributioGrenadier and Weiss (1997) studlye optimization of
sequential investment opportunities due to technology innovatidrerethe valueand the arrival
of the innovationsfollow geometric Brownian motiongBm) proceses Smith (2005) studies the
simultaneous effect of revenue and investin cost uncertainty in the adoption of two

complementary technologies, relating the cost uncertainty with technological progress.

For duopoly marketdduisman (2001ch. 9 studies the combined effect reverareltechnological
uncertaintyand shows that the timing optimization of investments significantly affected bythe
magnitude of the probability that a secaadhnologybecomes available®axson and Pinto (2005)
study the effect of price and quantity uncertainty on firms investment behawsmg similarity
arguments Armada et al. (2013) also consider price and quantity uncertainty witblyirig on
similarity arguments. Azevedo and Paxson (2018) study revenue and investment uncertainty with
rivalry but where investments may be complimentafiymada et al. (2013for a literature review

on real option game models see Azevedo and Paxso#d)(201

Technical uncertainty is usually related to the unpredictability of the investment cost, due to the
complexity, size or other physical difficulties torzluding a project, followig the Pindyck (1993)
framework.It is modelledeitherasa uniquesource of uncertainty dn combinationwith market

uncertainty

We studythe simultaneous effect oharket, technical and technological uncertgirypng with
competitionfor a duopoly preemption gameWe treat the investment problem as a GO
game wherehe twofirms can invest only once. However, at the beginning of the game there is one
technologyinitially available (tech 1but someprobability thata more advanced technology (tech

2) will arrive in thefuture Consequently, firms hold two options, the option to adopt tech 1 and the

option to adopt tech 2, although the latter can only be exercised if tech 2 arrives.

* We will be pleased to supply our comparisons of eight independent frackers over the past few years.



We assume thanarket revenue anBAA follows geometric Brownian motion (gBm) processes,
and technological uncertainty a Poisson process. Hence, it is not possible to kaote,exithout
further model constrains, which option exercise sequence firms will folidevidentify, however,
the relevantOwhaifO scenarioof the gameand derive for eachfirm, the respectivevalue
functionrs and investment thresholds, usirthe standard Geal optionsbackward inductio®

technique Our analytical derivations are organized in two main sections

I'l First, we studythe casewhere tech 2 is availabléd., techrological uncertaintys absentand
assumejn onecase(scenario }, that when tech 2 arrivdsoth firms are idle, and in another
(scenario 2 that when tech 2 arrive)e leader is active Witech 1 and the follower is idle

I'l Second, westudythe casewheretech 2 is noyet available(market, technical and technological
uncertainty hold simultaneou3lyand characterize the scenaridese at a given timet the
leader is active with tech Ind the follower isidle, optimizing, in one casd&scenario 3, the
adoption of tecl2 and in anotherscenariod), the adoption of tech.

Due to the high number of market variables and investment scenarios, to avoid unnecessary
complexity, in section 4ve focus our analysis on the most relevant results only. However, other
alternative and relevant analysis can also be provM&xdobtain analytical solutions for the value
functions and(analytical/numerical)investment thresholds of the leader and tb#oder for
alternative investment scenariod/hen we consider the jdineffect of market, technical and
technological uncertainty we find that, somewhat surprisinfglly,the follower,a relativelylow
Oprobability that a second technology arrives innthe instantO means that market and technical
uncertainty are no longer important factors determiniagnvestment behavioulRegarding the

leader, we find thaitts investmentbehaviour isdriven by a more balanced combination of the size

of the firstmover advantage, and market, technical and technological uncertainty

The paper is organized as followSection 2introduces the duopoly preemption gamedescribs
the assumptions underlying thodelfor scenarios 1 and &nd derive the firmsO value futions
and investment thresholds. Section 3 develops similar models for scenarios 3 aretdoir sve
provide some seriivity analysis and commenbn the most relevant results. In cion 5 we

conclude and give some suggestions for further research.



2. Scenario 1 and Models
Suppose thathere are two idle firmg,andj, considering the adoption of a new technoldgyms
are allowed to imest eitherin tech 1 or in tech 2. There is uncertainty about theet market

revenus, X(t), and the efficiency of the technologies after adoption (EAAG, (t), where

k:{o,J,z} and 000, 010 and 020 mean that firms are not active, atdekdyitictive withtech?2,

respectively.E, (t)! [0; ) where the lower limit representsatastrophic scenarigafter adoption

the technologyoperate with zero efficiency), and the upper limit representsparfect scenario

(after adoption the technologyperates without inefficiencies)

Tech1l is availableandtech?2 is notavailable butis likely to arrive in the market any timia the
near future The arrival oftech2 in the marketis governed by a Poiss@rocess with intensity
(there is a probability dt > 0 thattech?2 arrives in the intervalt). Thefirm that adopts firsttéchl
or tech2) becomeghe leaderandgets a firstmovermarket share advantage (FNMA hefirm that

adops second becomes the followdiech2 is more expensive thaachl, [, =71, wherel, and

I, are the investment costs tech 1 andtech 2, respectively, and >1, and more efficient

E,(t) =/ E(t) with y>1.

Net market revenueand EAA follow geometric Brownian motiongBm) processs given by
Equations(1) and (2) respectively®
dX =, Xdt+/ , Xd: 1)
dE =4 Edt+/ . Edz (2)
where, y, and M, are the instantaneous conditional expected percentage changesnd E, per
unit of time, respectivelyy , and /Ek are the instantaneous conditional standard deviaiioX
and E, per unit of time, respectively; andz and dz are the increment of a stdard Wiener

process forX and E, , respectively with # defined previouslyFor convergencef the solution

r—u—pe >0, where r is the riskless interest rate=or simplicity of notation ve use

DOETUUL

® Catstrophy represents the case of no economic natural gas development, which is rare but not
unprecedented. The practical E limit is high (if not infinite) along the range of Q per I, and X*E which we
have studied. While not precisely geometric Browniatiang an initial E well below 1, allows for
substantial upside potential.

® For convenience of notation, henceforth, we drop the OtO



Firm i revenudlow if operating withtechk is given by:

X.Ek.qIﬂ ©)
whereX.E, is the efficiency weightedietrevenug(EWR) of firm i if active withtechk, and qukj

is a competition factor that represents fineportion of the market revenues firm i for a given

investment scenarjavith i, j ={,F} whereL means OleaderO @h@followerO.

Additionally, the following conditionson the parametsrD, hold, wherei represents the OleaderO

andj the OfollowerO:
(Dyq. =Dyq) >(Dy, =Dy ;) >Dy, (4)

withp,, =D,, =1.0, b,, =D,, >0.5 and D,, <0.5, which ensures that: (i) the leader gets 100% of

the market share if active alofwith techl ortech?2); (ii) if the two firms are active with the same
technology the leader gets a market share adggn(iii) the market shre of follower is above that
of the leaderfithe leaderoperaes withtech 1 and the follower operates witech2 (due to the

higher efficiency otech2). It also holds thatp,, +D,, =1.0 - the sum of the market stes ofthe

two firms if activeis equalto 100%of the market revenue

2.1Tech2is Available

2.1.1Both Firms are Inactive

We stait our analysis by the scenaniherebothtechl andtech2 are availablén the marketAs
tech2 is more efficient thatechl, it is never optimal to adopechl. Therefore, firms optimize the

adoption oftech2. Figuresl illustrates the investment thresholdsr this scenario

Figure 1: Threshold to invest inTech2.
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where/;_z and /;2‘2 are the leader and the follower thresholds to atEt2, respectively.

2.11.1 Follower

Let F,,(X,E,) be the followerOs option value to adegh? if there is natechnological uncertainty

and the leader is active witech?2. Setting the returns on th@ption equal to the expected capital
gain on the option and using 1toOs lemmaottain thepartial differential equatiofPDE) (5),

which representshe value function of the followen the region wheréeis inactive



1#2':22 2 2 1#2':22 2 2 #2':22 #: 2 #FZZ
2y 2y2, =7 Toy 22 gy w +¢.& x+%; $1F, =0 (5)
2 #Xz X 2 #E22 E E2 #X#Ez EZ x B XB X X B E 2,2

Using the similarity methode can reduce the dimensionality of the PfibdEn two to onethrough

the following variable change:/, :X.E2.7 Doing the respective substitutions i) (we get the

ordinaty differential ejuation (ODE) §), which representshe followerOs option value as a function

of /,.

°F, ,(/
}/ 2, 2$ 2,2( 2)_Jl é’("X#Ez xéﬁ' u+ I%)$F2,2(2)

22 " gl $/,

4, ) 0 ©)

where O_iz = U)(Z"'O_EQZ"'zp)(EQO_)(O_E2 '
ODE (6) has an analytical solution whose general form is:
n\ — pn /! !
Fo(")=A ;t+B 5° ()

where A and B, are constants to be determined using thkiematching (VM) and smooth
pasting (SP) conditions./, and /, are the roots othe characteristic quadratic function of an

EulerOs typ®DE given by

%/;"c SDHY /gt pt %) $r=0 (8)

Solving(8) for p we get two roots, one positi¥¢,) and one negativg’, ):

LOF LS (L gt 5)+($)\/($O'52r;+'/ he MM Xt E),z *2 %, 9
12~ 72
tm

Equaton (10) ensures that the option is worthleés/, =0, therefore,in (7) B=0. Equations 11)

and () are the VM and SP conditions, respectively

FZ’Z(O) =0 (10)
/" D
Fa(n )= -2 g, (11)
2
#o05) _Dy, (12)
#!, "

with the following economic interpretatiorbeforeinvestingin tech?2 the follower holds the option

to invest whose value is given by the {bfind side of Eq(11). This optionis exercised at the

" For a detailed discussion on similarity methods see Bluman and Cole (1974).



momentits value equals the present value of the cash flows obtaineddpamating withtech 2

foreverlessthe invegment cosin tech2 (right-hand side of Eq.1).

Solving together Equationd1) and (R), after some algebraic manipulatiome getthe constantA

and thefollowerOs threshotd adopttech?.

w* (187;)
P — (13)
'/1 #2
"
#o=_1 _22 14
2,2 /1$1D2F2L
ThefollowerOwalue function is:
$Ai"2!1 2< Fps

(15

The first row of (B) representshe followea option to invest inech2. Thesecond row is thegyoff
the follower attains fronoperatingin the marketwith leader(both firms with tech 3 from the

instant/ is reachedintil infinity less the investment cost

2.11.2 Leader

If the follower adoptsech2 when q);“is reachedhe first time the leaderOs payoff is given by
05" ” r! #, * y
E)/%.:O Dy diSI+ 41, D, e diy (16)

The first integral represents the leaderOs payoff for the period shkeéseactivealong wheret =0
is theinstantwherethe leader adopgttech2 and T the instantwherethe followeradops tech2. The

second integral is the leaderOs payoff for the period where both firms are actteehiith

The value functions:

$. ) O s
E ZDZLOF |+ Z(D?L% DZQ);} 2 *& " *
. # 2 # "k 2 Faz (17)
L,(",) =- ? 2 * R
( 2D2L2F .
5 #‘2 2 Fo2



where @#l2 is the leaderOs payoff at the instant it adopts tech 2 if it operates alone forever;

2

" " 0/,1 . . . . . . * . . .
%?ﬁ * is derived using the continuity condition of ,(/ ,) at / F, - It is negative given
2 ) Fon ”

that (D, , ! D, , )< 0 (see inequiéty 4) 8 and corresponds to the correction faattich incorporates

the fact that in the future if ;22 is reachedhe follower adopttech?2 and the éaderOs profiare

reduced & is the leaderOs paydffactive with the follower fronthe instant/ ,*:22 is reached

2

until infinity.

Following theprinciple of rent equatiationof Fudenberg and Tirole (1985he leader adoptech
2 at themomentwhere the value functions difie two firmscrossfirst time. Therefore,equaliz
Equationg(15) and (6), for /, < ¢ ,weget

" (D,.,&D,.)$ " %
AD3 @9): 207 gA" =0 (18)

"D
Rl + r
#z 2 ) Fpo

Replacing in(18) /, by !;2, and using standard numerical methods to solve/[gr, we get the
leaderOs threshdlladopttech?.

2.1.21 eader Active and Follower Inactive

2.12.1 Follower

We derive the value function and threshold to adeph 2 for the followerif the leader is active

with tech1. ThevaluefollowerOsunction is:

$A, ", "<k

. % 21
Fu("2) =&",D,, | e (19

TR N

) |

with /, is given byEquations 9) and the constand, is givenby:

n* (1$/))

F. 2e1
= Db 13
A A (13

1

The thresholdo adopttech?2 is:

8 This term equals the leaderOs Hissounted back from the (random) time at which the follower adopt tech
2. The term(”/»; )"t is interpreted as a stochastic discount factor equal to the present value of $1 received

when the variable hits /¢ (see Pawlina and Kort, 2006, p. 10).



* B b, (20)
O = A~
= p-1 DzFJt

2.1.2.2 Leader

Thevaue functionis:

$"1DL.0} VI "Dy, Dle)(yi*& A
) _ E #1 1 3 ,,; * 2 Fy (21)
Ll,z( k) - - *
( "lDlLZ[‘
5 #1 2 Fyq

*

Equalizing (B) and @1), for 7, < ¢ , we get Equation8).

" $ o o
{022 8030)7 % P gp s 0 (22

"D
-
#

"
1 2 ) Foa

Replacing in 22) /, by !;2, and using standard numerical methods to solve/[f)zn we get the

leaderOs threshotd adopttech 1 conditioned on the adoption ¢dch 2 by the follower The

economic interpretatiafor (21) and(22) are similar to thoswe describedor (16) and(17).

1C



3. Scenario 3 and 4 Models
Tech?2isNot Available - L eaderActive and Follower Inactive
3.1Follower: threshold to adopttech2

The followerOs value is given by:

U 2, 2 06':2,1('/ 2) +
; 2
m %22

.l )
% 2

{5t ettt 1) (T 9+ FF. JUF,L =0 (D)

1,
2
In (23), right-hand sidethe first term represents the followerOs value for the region teur2 is
not available and the second term represents the followerOs value for the regioteett2rie

available.

Using the two possiblexpressions foF, (/) (seeEquation19), we get the following solution:

m ! n ! " I *
I A 2% 5,
F21(")=' ".D 7 Zl
’ wl, 2V woAam * . ,
§Qz P - ( 2 2) Fou if ? L
& $+# r+#

(24)

where /, andA aregiven byEquatiors (10) and(16), respectively.The constantsA, and C, are
given by Equationg(25) and @6), respectively- derived by solvingan equation system wittihe

continuity and differentiability conditions for, (/) at 7, = .

Fa *

_(",*:2‘1)%’3 @#/4 +(r % , ) g,/ # 0/((r$ 4) 1)' :
A= (r+8)(#+9(,R)( 5 %,) (25)
o R) @ Ak D F # A (26)

(r+8)(#+ 9, @) , %.)
Wherey <0 andw >0 (see proof in Appendix).
In thefirst row of (24), A”’:is theoption value to adopgech2 and y”’:is a(negativg correction
factor that reflecss the factthat /;21can be reachedndtech 2 not availableIn the second row
;. . -/D2 1 " .
w"’+is the option value to adopéch 2. TF#_ is the present value of theevenues the
L

/n,

follower attainsfrom operaing with tech2 from /. until infinity; and . is the preent value
21 r +

of theinvestment cost

® Full derivation of the last two terms of expression (&) ! . - can be supplied upon request.

F

11



/, and /, arethe positiveandthe negative rootsrespectivelypf thefollowing quadraticequation

0.5623(B— 1)+ (0,0 + iy + )3 € +4)= 0, given by

2
0.507 — (0xe0 xT e+ M x + )+ (_)\/(_0'572m+p x& £ gt M xtH Q + 20+ %, (27)

) =
(4) o_ri

TheVM andSPconditionsare respectively:

/D
Foul! ::21) = - Lo# 2 (29)
P = 2 (29)
F,.(0)=0 (30)

Conditon (30) ensures that the option value is worthless at the absorbing barrier Using

conditions(28)-(30), after some algebraic manipulatiofields

/
—_ "3

#(::2,1 /3 $1 D (31)

%L

2

3.1.2 Follower: threshold to adopttech1

Thevalue functions:
FI T+ HE # f A,,)
i (32)

+. . ;o #D 8 8l o
FL(#) = J# + Pl + 2 2 #
1,1( W) A 1 2 % (% )$) + 8 ?fal#m)

+
where, J#/+is the option value to adopt tech 1, with the constamgiven by Equation &; c/: is

the option value to adopt tech 2, with constantgiven by Equation(21); H”‘s is a negative
correction factor which takes into account the fact that tech 2 may not be available,when
reached, with constari given by euation (4); P« is equal tow"’+, as forw (see expression
31), pP>0 and reflects the fact that. can be reached before tech 2 is available (if so the follower

will keep the option to adopt tech Bwith the rest of the terms having the same meaning as those
described in previous stdections
Solving simultaneously the continuityn@ differentiability conditions forr (/) at /= |

Far

(expression 2pand the Ovalue matching® and the Osmooth pastingO conditiong fat / =/ |

(expression 2, secod row), we determine the constants, J and P and the followerOs

investment threshold; :

12
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NERAE LAY CH) (LS LI : 33

7e1 VO ey ) (33)
— By \(Babs) dos * @) 34

H=0+ W) o) (34)

P=W

There is no closetbrm solution for the follower®Os investment threshold, but using the value

matching condition a¥ ;” and the information from Expressiod2] and Equations @-(45) we

get Equations @) from where we determineé,’;]1 .

! OgY# * o)
(1o g oy A2 nt of oW mhy L4, g (35)
11 ($+ ")g $ r+"

3.3Leader
The value function is

9 " " " '!3
)/0 ! 1D]1_Q: Z(Dl% ( D19)§ 2 " *
E ey ( |1+ s 1 1 Foy 36
Ll‘z(ul) :? (! # , Fa- ‘ ( )
"D "D
Gul/,, +_1THGE | TP $ " /” ;
#+9 A (A+3

where E” = and G”,’+ are both positive (see proof in Appendix) and correct for the fact that the

followerOs threshold to adopt tech 2 can be reached before tech 2 is available, which favours the

payoff of an active leaderThe constantsE and G are given byEquations (3) and (3),
respectively, derived using the continuity and differentiability conditionszfor ) at /, = ,*:21;

%D%—Il is the leaderOs payoff at the time of the adoption of teclit bpkrates alone forever;

W?ﬁo is derived using the continuity condition of (/) at /¢, Itis negative given

that (D, ! D, )< 0 (see inequality } and corresponds toetcorrection factor that incorporates the
fact that in the future if ;21 is reached the follower adopts tech 2 and the leaderOs payoff is reduced.

The rest of the terms are definasl for expression (26vith the necessary adjustnerior the firm

and technology adopted

E:(";J)%F(/l% )1 L By(D, B,) (37)
(Fr A %)
. ( ’;2‘1)1%’4 ?‘(!1% 3)$-.’( i %))I(DUL %1%) (38)

(#+9)#( 1, % ,)

13



The thresholdo adopttechl, ![1‘2, is determied byequalizing Ejuations £6) to (35)for /, </ |

Fan?

from where weobtain Equation (38

" " " (#
A,,l_ll +Y, 1_13 &E 2_/3 & 1D1L0F +|1 & 2(D3c% &DEQ):$ *2 p 0
# # )

,we can easilyget the investment threshold.

0 (39)

*

L,

Replacing in (38 / by /; and solving in ordeto /

3.2 Both Firms | nactive

3.2.1 Leader: threshold to adopttechl

Assuming that the leader adopts tech 1 before tech 2 arrives and the faosmimizing the
adoption oftech1 (adoptstech 1when the respective threshold is reaghéat when both firms are

active with tech 1 > ¢, ), the leaderOs payoff is given by:
F ()= 2 (40
11 é‘
At the instant the lead adopts tech 1T( ) its expected payoff is given by:

F (/)=EJ"
11( ) )Et-

/
=T,

dq " i |+ &

o EIO+ i 4, 8 g (41)
The first integral represents the leaderOs payoff while alone in the market; the second integral is the

leaderOs payfdbr the period where both firms are active with teclielf,T

. ) R, (/) is the present

value of the leaderOs payoff given by expres&@by Which takes into account the fact that, before
the follower adopts tech 1, there is the possibilitgt tech 2 arrives and the respective threshold

reached, reducing the value of the leader. The leaderOs value function is given by:

! "d,, " d )% &"d
8L,,/3+ kzp# 10 Pt ;q T, ") ( L ’Fn)
- F
0 A (42)
FLo()=iM" s +G 'o & 4 1% & S { G )
11 0 (#+ @ # (#+ $ y Fa 11,
ond1L1F .
gt 9 ha)

where, the first row represents the leaderOs value at the instant it adoptsiteehcarrects the
$ v %

I) ";21

is negative and represents the fact that if tech 2 arrives amireacted the follower adopts tech 2,

fact that tech 2 has to arrive for the follower to adopt it, which favours the Ie&&%

reducing the leaderOs vallal/éd;lﬁ‘wt|1 is the present value of the leadep@goff when it operates

alone with tech 1 forever; in the second rowe” values the possibility that rises aboves

14



before tech 2 arrives. This hastha positive and a negative effent the leaderOs valTéere is a
negative effect, because if the follower adopts tech 1 the leader loses its mobapalyositive

effect, because if the follower adopts tech 1 it loses the option to adopt tech 2. Hence, the signal for

the constantM depends on the market conditior;’and ‘/"’%ﬁ have the same meanings as
+

thosedescribed for expressiog); "’d% is the leaderOs payoff whaoth firms operate with tech 1
from 7 until infinity *°.

The leaderOs threshold to adopt tech 1 assuming that the follower is Ocommitteddopirtsch
10 is derivedby equalizing the leaderOs and the followerOs value functions, expré&sidos

pelo,.0.,) and () for pef0,4;, ), respectivelyleading to equatio(60).

' %u &
#dy, " dio)%# & #d,,

#":21 + $

Las 4 Tl J#t CE HE: 0 (42

Replacing in (B) / by s/ we determine a numerical solution for the leader®s investment

threshold.

10 See fill derivationof expression (49) and tlexpressions for thconstants and M in theAppendix, section 2.
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4. Sensitivity Analysis
We do some sensitivity analysis to study the efféch@anges irsome of the mosmportantmodel

parametergalueson theinvestment thresholds of theader andhefollower.

In Table2 we clarify the notatiomndfor each firm andelatedinvestment scenario

. Notation Description
Technological . .
Uncertair?ty? (Equation) (Scenarig
/ Arrival time of tech 2.
(14) I ) FollowerOs threshold to adopt tedhtRe leader is active with
(NO) " P tech 2.
Tech 2i ilabl « ~
ec t IS ?val aniq (18) o, Q) LeaderOs threshold to adopt tech 2
,* FollowerOs threshold to adopt tedhtRe leader is active with
(20) TR, @
tech 1
31) /" ) FollowerOs threshold to adopt tedhtBe leaderis active with
" Fa tech 1 and tech 2 is npétavailable
(YES) . LeaderOs threshold to adopt teasduming thathe follower
Tech 2 is not (39 ! Ly 3) adopts, latertech 2 when itarrives and the respective
available threshold is reached
t</ (35) /* ) FollowerOs threshold to adopt tedhthe leadeis active with
’ ! tech 1 and tech 2 is npétavailable
(43 /* @) LeaderOs thresholdadopt techl assuming thahe follower
Tl adopts, latertech 1 when the respective threshold is reache

Table 1 ENotation: Firms® Investment Threshold

Note: In the previous section we derived the expressabvefor the firmsO investment thresholds. SEhexpressions
guidebothfirms in ther investmenbptimizationover time and for atompetitionstates of the game

Fort" / (tech2is available}Xhere ardwo scenarios(i) both firmsareidle - so theyoptimize the adoption btech 2, (ii)
the follower isidle and the leader is active with tech 1 (i@nly the leaderOs investment threshold to adopt tech 1 was
reached before tech&rives) If tech 2 arrives with both firms active with tecl{ik., the investment threshotd adopt
tech 1wasreachedor both firmsbefore the arrival of tech)2none ofthe firmsadopt tech 2 due to the OesttO nature
of the investment game.

For t</ (tech 2 is noyet available) if both firmsareidle there argwo scenarios{i) firms caneitherwait for tech 2
(may be forever) or adopt tech 1 (which is availablépw do firms optimize their investmentd®y monitoring
simultaneously bothhe threshold to adopt the available technology (tech 1) and the threghaldopt the not yet
available technology (tech 22ndadopt tech 1 or tech 2 depending on whitteshold is reached firéhotice to adopt

tech 2 it has to be availabl€he leader monitors simultaneously and /| , respectivelythe optimal time to adopt tech

1 assuming thathe follower adoptslater,tech 2when it arrives ad the respective investment threshold is reached, and
the optimal time to adopt techabsuming thathe follower adoptslater,tech 1 whenthe respective investment threshold

is reachedlf the leader adopts tech the followershould monitorsimultaneously/ ;21 and/_ , respectivelythe optimal

time to adopt tech 2 and the optintiahe to adopt tech for when the leader is active with techahdadopt tech 1 or tech
2 depending on whiclnteshold is reached first

In our illustrative results e/ use the followindpaseparameteralues™

X(1) E (1) E, (1) 7 o, (1) Iy I, !y I Ie, Hx He, He, r ! /XEk
10 0.70 | 0.85 | 70.0 850 | 100| 100 030 | 0.30| 030 | 0.05| 0.00| 0.00| 0.20| 0.20| 0.0

Table 2 DModel Base Inputs

" Notice thatwe use /_ =0.3, /

/., =03, =0 and g =0, ie., here is uncertainty about the EAA of tech 1 and tech 2

(technologies are not ity reliableafter adoptioh
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d d

1,00 0c1, dy, dpy d d; o, dy, 21
1.0 0.0 0.60 0.40 0.60 0.40 0.55 0.45

2.2

Table 3 DModel Base Inputgor the Competition Factoré

4.1 Tech2is Available, ¢" 7
4.1.1 Results(scenarios 1 and 2)

Figuresl and 2 show the sensitivity of the investment thresholds of the leader and the follower,
respectively, to changes in the correlation betwbemarket revenues artie EAA of technology

k, for the scenario$ and 2 For both figures the line marked with a cireépresentshe thresholds

for scenario 1 anthe line marked with a trianglepresents the thresholds for scenarié@ the

all range of correlation values usdtie leaderOhreshold forscenario 2is higher thanthat of
scenario 1 The opposite happensthefollower. In addition,the higher the correlationetweenx

and g, the higheris the investment threshold for both firmtbéd laterthe adoptio). The sensitivity

of the leader is more or less constant for the all range of correlation valuesnagiskd sensitivity
of the follower is low for negative and low positive correlation values and very highigbr h

positive correlation values

Sensitivity Leader's Thresholds to Correlation between Revenues Sensitivity Follower's Thresholds to Correlation between Revenues
and EAA and EAA
600
9,0 ®
5 ¢*L12 (Scenario2) A A
—&— ¢*F21 (Scenario 2) 500
—— ¢*L22 (Scenario 1) 80 X )
o —&— ¢*F22 (Scenario 1) 400
70 &
L& o 300
Lo
4 60 | py
— — 200 2
50
100 Q
Ay
g
0 : : & - .
-0,5 -0,3 -0,1 0,1 03 0,5 05 03 01 0.1 03 05

Correlation, PXE, Correlation, PxE,

Figure 1: Sensitivity of the LeaderOs threshold to adopt ke Figure 2: Sensitivity of theFollowerOs threshold to adopt tech
(when there _is_no technological uncertainty)o changes in (when there is no technological uncertaintyjo changes in

/ /
Tex TEX

12 We assume that, due to teéficiency asymmetry between the two technologies, the leader®s FMA is lower in the
scenario where it is active with tech 1 and the follower is aatitie tech 2than in the scenario where boiimfs are
active with the same technologyhe follower benefits from operating with a more efficient technolodwyre
specifically,in the scenario where the leader is active with tech 1 and the follower is active with theleader gets

55% (dUF =0.55) of the market share and the follower the remairiigp (dzpa =0.45), and,in the scenario where both

firms are active with tech 2 (or tech 1), the leader gets 6@ =d, , ) =0.6) of the market share and the followeeth
remaining 40% (d,, =d, ,)=0.4).
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Figures3 and 4 show the effect of changes in the volatility of the EAA of technolkgn the
investment thresholds of the leader and the follower, respectively. Again, the line marked with a
circle representscenario land the line marked with a triangle represesaenario 2For the all
range of volatility values used, the leadett®sshold for scenario 2is higher thanthose for
scenario 1The opposite happerns the follower. In addition, br both firmsand scenario and 2,
the higher the volatility of the EAA, the higher is the firmsO investment threshold (the later the

adoption), consistent witthe realoptiors theory.

Sensitivity Leader's Thresholds to Volatility of the EAA Sensitivity Follower's Thresholds to Volatility of the EAA
8,0 5
—&— ¢*L22 (Scenario 1) A 170
A —&— ¢*F22 (Scenario 1) A
#—¢*L12 (Scenario2) °
70 F & o 130 - “—¢*F21 (Scenario 2) o
O X
& © 90 o
o A
60 6 o
50 .
0 0,2 04 0 6 0,8 1,0 10
’ ’ ) ’ ’ - 02 04 0,6 0,8 1,0
Volatility, og, Volatility, g,

Figure 3: Sensitivity of the LeaderOs threshold to adopt ke Figure 4: Sensitivity of theFollowerOs threshold to adopt tect
(whenthere is notechnological uncertaintytp changes irv . (whenthere is notechnological uncertaintytp changes irv .

4.2 Tech2is not yetavailable, t </
When tech 2 is not available the investment game becomesfanwmulti-option gameFrms, if
idle, have two choices, either to adopt tech 1, when the respective investment threshold is reached,
or wait for the arrial of tech 2 and adopt it whétarrives and the respective investment threshold
is reachedThis leadgo severainvestment scenarioBelow we provide the moshteresting results

only.

4.2.1Scenario 3
In Figure5 !,*:21 is the bllowerOs investment threshold to adopt tech 2 for the sc@narderethe

leader is active with tech dndtech 2 is notet availablebut there is a probability! () that it may

arrive in the next instanThe parameters and / g, acount for the technological uncertainty and

the reliability of tech 2 after being adopted, respectively.
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Sensitivity of the Follower's Investment Threshold to Adopttech 2
to changes in 6g, and %

T 160

|
/+ 120 / *
© Py

(Scenario 3)

Figure 5: Sensitivity of the followerOs threshold to adopt tecfoRthe (whatif) scenario wherdech 2 is notyet
available(there istechnologcal uncertainty)andtheleader is active with tech 1o changes in the Oprobability that tech 2

arrives(@! ) andthe volatility of the EAA of tech 2/ E2).

Theresults show that thiellowerOsnvestment behavious driven to darge extent by . For low

values of ! , small changes in , affects significantly the followerOs threshold to adopt tethe2
higher the volatility the later is tHellower adoption). As! increasesthe effectof changes in/ E,

on the followerOisvestment behaviousecomesignificantlyless relevantSomewhat surprisingly,
this result suggest that moderatelylow probability that a new technology arrivéscreases
substantially thdollower commitmentto its adoption(decrease in the investment threshady

turns less relevarhe effect of EAA uncertainty on the followerOs investment behaviour.

In Figure6 !:12 is the leadddghreshold to adopt tech 1 for the scenario whiseefollower adopts

tech 2 when it is available the respective threshold is reached.
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Sensitivity of the Leader's Investment Threshold to Adopttech 1
to changesin og, and 2

e E— ‘
P T '*”7"’;0‘205

) > 0,10

) 0,20

_ 0,40
_ 0,60
- 0,80

0,20 : '
) 0,40 0,60 Lo )

Figure 6 BSensitivity of the LeaderOs threshold to adopt tefdr the (whatif) scenario where tech 2 is not yet available
(there istechnological uncertaintygndthe Follower adopts tech 2 when it arrives and the respective investment threshold

is reachegto changes in the Oprobability that tech 2 arriviesén@ the volatility of the EAA of tech 2/(E2 )
The results show that a high prbiday that tech 2 arrives in the next instgh) delays the leader
adoptionof tech 1 The effect ofvolatility of EAA of tech 2(/ E2) on the leader adoption of tech 1

is, however more complex. For low values of (from zero upto around 0.15), the higher the
volatility of the EAA of tech 2 theslightly earlier is the leader adoption of techAls ! increases
from around 0.15 onwards, the higher the volatitifthe EAA of tech 2,the leadeDsadoption of
tech 1lis slightly laer. There is a sort of threshold (*), where if! decreases, the hightire / E,

the earlier is theleaderadoption of tech 1If ! increases, the higher th/eEz the later is the leder

adoption of tech 1

Figure7 shows the sensitivity of ,*:21 to changes i and the leaderOs FMA.
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Sensitivity of the Follower's Threshold to adopttech 2 to
changesin  and the FMA

r 90
80 I
k70 ©Fn

r 60
(Scenario 3)

Figure 7: Sensitivity of the BllowerOs threshold to adopt teghf@ the (whatif) scenario where tech 2 is not yet
available(there istechnological uncertaintyhe leader is active with techahd thefollower adopts tech 2 when it arrives
and the respective investment threshold is readbechanges in the Oprobability that tech 2 arriveséng the leaderOs
FMA.

The resits show that the higher the leaderOs Fihtough the adoption of tech,the later isthe
follower adoption oftech 2 the higher the probability that tech 2 arrives in the next instanthe

earlieris the followeradopton oftech 2

In Figure8 !;2 is the leaderOs threshold to adopt tech 1 for scéhario

Sensitivity of the Leader's Threshold to adopttech 1 to
changesin 2 and the FMA

Lo

(Scenario 3)

A o FMA

Figure 8: Sensitivity of the leaderOs threshold to adopt tefdr the (whatif) scenario wheresth 2 is noyet available
(there istechnological uncertaintygndthe fllower adoptstech 2when it arrives and the respective investment threshold
is reachedto changes in the Oprobabilibat tech 2 arrives®)(and the leaderOs FMA.
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Theresults show that the higher the probability that tech 2 arriyethé later is the leadeadoption
of tech 1 As! increases theensitivity of the leader to tHeMA decreases.

4.22 Scenario 4
In this (whatif) scenario we consider the case where at a given irtstdirihe game, tech 2 is not

yetavailable, the leader is aeti with tech 1 anthe follower optimizes theadopton of tech1.

We provide below thérmsO investmerhresholds for this scenario and compare them with those
of scenario 3To get the intuitiorfor the usefulness of our mod&lpposdhatat a particdar instant

t of the investment gamiech 2 is not availablandthe inputs stated in tables 2 anth@d. Using

those inputs w conpute the investment thresholds tcenarios 3 and Below are the results

Current X.E=1, 70

Values /, X.E =/, 8.5
G

: T L, 5.98
Tech 2 is not Scenario 3 -

available L Ey 2158
G

T .
</ Scenario 4 Iz 5.50
S P 3129

Table 4 DModel results for senarios 3 and 4

For theleader the threshold to adopt tech Werereachedor both scenarigso theit shouldhave
adoptedtech 1.As soon aghe leader adopts tech the follower shouldmonitor both the threshold

to adopt tech 2/ ,*:21) andthe threshold to adopt tech 1*,41), and adopt tech 1 or techd2pending

on which of these thresholdis reached firstnotice that in the case ofadoption oftech 2 the
technology needs to be availabkor the follower,none of thresholdsvere reached so it should

wait.

If tech 2 arriveswith one (or both¥irms idle, it (they) shouldmonitor the thresholds derived for

scenario® (or scenario 1) and adopmdah 2 when the respective threshold is reached

From Table 4 we can séleatthe leaderOs thresholds for scenario 3 and 4 are very similar, i.e., the
leader adopts tech 1 more or less at the same time regardless of its conjecture regarding what the
follower will do afterwards (adopt tech 1 or tech 2). But the followerOs threshold for scenarios 3 and
4 differs significantly, i.e., if the leader is active with tech 1 the followerOs threshold to adopt tech 2
differs significantly from the followerOs threshdl adopt tech AThe former is lower, although the

adoption of tech 2 is conditioned on its arrival.
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5. Conclusions

This is the firsttwo-firm multi-option real options game model studyihg simultaneousffect of
rivalry (through a duopoly prempton?? game) andmarket, technical and technological
uncertainty.Our results show thahe (probability that a secondand more efficienttechnology
arrives in the next instantd) has a significant effect on the investment behaviour of the leader and
thefollower.

When we consider the jdirffect of market, technical and technological uncertainty we find that,
somewhat surprisingly, a relatively low Oprobability that a second technology arrives in the next
instantO (technological uncertaintgllucessignificantly the importance of themarket and technical
uncertaintyon theinvestment behaviour of rival firm#ny positive probability of technological
innovation sharply reduces the followerOs sensitivity to changes in the ldable¥Gmd the
reliability of the second technolog¥he followefs investment behavidardriven mainly by the

size of / andthe leaderQavestment behaviouny a more balanced combination ather model

factors.

When there is ntechnological uncertaty, negative or relatively low positiveorrelatiors affects
slightly the investment threshold of both firmand high positive correlatiom affectslightly the
investment threshold of the leader and significantlyitivestmentthreshold of the followerThe

follower is highly sensitive to changes ij and the leader is not.

Our real option game setting is based on the assumption that there is a duopoly market with a
leader®s FMA (premption game)lt would be interesting to kex this assumption anéxtendour
modelto cases where there is a secomoiver advantageaftrition gamg. We use a competition
framework where the FMA is based @x-ante determineccompetition factors defined as
proportions of the market revenues. Altigh mathematically challenging, it would be interesting to

refine this assumption allowing dynamic market share.
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Appendix
1.! Proofs
1.1'Proof #1. y<o
Rewriting equatior{39) as (A5),
SR A Dy S (A1)
(r+8)(#+9) (/LA 5 %,)
We know that/; , 7, r, s, s, s, and1, are all positiveand 7, <o.

Simplifying the numerator: Iet/l:(";21)#"3, a=r/, b=(r#(u +u)! ), c=/(r+" },. Simplifying
the denominator: leti=(r+/)(" + W ,$1), and e=(/,"/,). Substituting these terms in (A&nd
rewriting yields:

Y=V1(a-l4+b .91 (AZ)
d(e

From the information above we conclude thatb, ¢ and d (given that,>1) are all posive.

From Equation(32) we can sethat /,>0 and /,<0, so e>0 and the denominator is positivEhe

nominator isnegativesincev,, a, b, c and i, are positive and,<o. Hence y<o.

1.2Proof #2: w>0
Rewriting equation (40) as @,

(,,;2])w4@#/3+(r W ) F #%08+) ), (A3)

W= (I‘+$)(#+$)(-/1%)(!3 P/oA)

We know that/; , >0, r, s, 7, 7, and1, are all positive and, <o. Simplifying the numerator:
let v,=(" )" a=r/, b=(r#@u +u! ), c=/(r+")¥,. Simplifying the denominator: let
d=(r+/)(" ¥ ¥ ,$1) ande=(/,"/,). Substituting in (8) and rewriting yields:

W= V(a5 tl 5" 9, (A4)
d(e

From the information above we conclude thatb, ¢ and d (given that: >1) are all positive.
From Equation (3) we can see that,>0 and 7, <0, so e>0. Therefore, both the numeratand
the denominatoarepositive Hencew >o0.

1.3'Proof #3. E>0
Rewriting equatior{39) as (45),

- )1%3

Ez(lFﬂ

G ), Byd,
i e o) (A9)

We know that/; , />0, r, 7, s, and s, areall positive and-, <o. Simplifying the numeratoret
v=(" )" a=/ b=, =/ (7, #1),d=(d, ! d,). Simplifying the denominator: lei=(/ +*) and
e=(/,"!,). Substituting in (&) and rewriting yields:
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E= Vs #a(b)c)"gl’ (A6)

u(a)e
We conclude that,, a, b, c and d are positive (forc note that/, >1). From ejuation(32) we
can see that,>o0 and /,<0, soe>0). Hencet>o.

1.4 Proof #4: G>o0
Rewriting equation (@ as (A7),

(n) gl ) e wy(d, W)
G= (#+9)#( 1, % 4)) A

We know that/; , />0, r, 7, s, and s, are all positive and, <o. Simplifying the numerator: let
v=(" )" a=/r, b=1"1 g, c=/ (", #1), d=(dg, ! de, ). Simplifying the denominator: let=(/ +*) and
e=(/,"/,). Substituting in (A) and rewritiig yields:

G=Y ha(b) 9'gd (A8)

u(a)e

Notice that &r 21-0, b=p5-5,=0 (i.e., Eq. 32 is equal to Eq. 1Defining the numerator of (A8)
with 7, as a function of; and taking its second derivative we can see that it is posltive.
addition, we know that,, a, ¢ and d are all positive (foc note that/, >1). From equation32)
we can see that,>/ ,, soe>0. Hencec>o0.

2.! Derivation - Expression @9)

Let the first integral of Guation @8) be:

7(/)= E% ®(d,q )& ol(t3 (A9)
Z() 2 (dw)+m$ Eggz )¢ A10)
[toOs lemma gives:
E)dz(/ )y =((" dt)j;-# 22 Z( ) A4 S o 4 1) @ dgf‘ dfo¢ Z ) (A1)
Leading to:
1 TR 1) Ed el y20) + (dR,) 0 (A12)
With solution:
2()=G hG e (A13)

c,=0 since /,<0 and as/ increases the value of the leader should increase. Using the absorbing
barrier conditionz(0)=0 and the condition that ensures that at the followerOs investment threshold
the leaderOs option value is null, iz, )=0 we conclude that and is given by,

(A14)

1% 5
G=(")™ #+$

Let thesecond integral of equationgybe:
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W(!):;ygm— T$T1;(k &Lﬁ( )+-I;miﬂ([,T1; )/) q(bqtlﬁ) én T>Tx(* d (A15)
The functionw(y) must satisfy the Bellman equation fox | :
W)= oy f Z%dﬂ#(#x& P (\(’,ﬁdt_ﬂmd—ﬁ( AR ()) W) (A16)
Leading to:
%"ﬁ 2%;2(;)#( AT %&W& W +Fo() D (A17)
With solution:
% "d # .
QR+ By Ay "<y
$ ($+ g
w(ry =& y (+7 (A18)
&83""3+B4" oy G # "o
j& $ ($+4 21

Using the boundary conditionsv(0)=0 we get the constans,=o. The rest of the constants are
determined by solving the continuity and differentiability condition at ; and using the

boundary conditiorv\/(/;n)z";ndL , leading to:

"

B=B+E (A19)
B,=G (A20)

whereE and c are given by equationsgBand 40), respectively, and,is given by:

o oa&";jldak A ia ¢ o0 A21
B =R ) e ) (A21)

Combining equations {3, (Al4) and (AL8) we get equadn (49), rewritten here as (&)

QL+ (d“‘# dw);/%i&+—d#” L) )
0 o . g (A22)
"y — P I 1, 0 2% Y
FL,,( )—éM +G +(#+$) # (#+ 9 )'(FM'F)
o)
0 # s
3
where,
L=C,+B,+E (A23)
M =C,+B, (A24)

With ¢, B, and E given by (Al4), (A21) and (®), respectively.
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