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Abstract

In this paper we study a two-player investment game with a first mover advantage in continuous time
with stochastic payoffs, driven by a geometric Brownian motion. One of the players is assumed to be
ambiguous with maxmin preferences over a strongly rectangular set of priors. We develop a strategy and
equilibrium concept allowing for ambiguity and show that equilibira can be preemptive (a player invests
at a point where investment is Pareto dominated by waiting) or sequential (one player invests as if she
were the exogenously appointed leader). Following the standard literature, the worst case prior for the
ambiguous player if she is the second mover is obtained by setting the lowest possible trend in the set
of priors. However, if the ambiguous player is the first mover, then the worst case prior can be given by
either the lowest or the highest trend in the set of priors. This novel result shows that “worst case prior”
in a setting with geometric Brownian motion and k-ambiguity does not equate to “lowest trend”.
Keywords: Real Options, Knightian Uncertainty, Worst Case Prior, Optimal Stopping, Timing Game
JEL classification: C61, C73, D81, L13

1 Introduction

Since the seminal contribution of Chen and Epstein (2002), there has been a solid framework for dealing with
Gilboa and Schmeidler (1989) maxmin preferences in a continuous time multiple prior model of ambiguity.
This model has been applied to several problems in economics and finance to gain valuable insights in the
consequences of a form of Knightian uncertainty, as opposed to risk, on economic decisions. The main

insight of Chen and Epstein (2002) is that in order to find the maxmin value of a payoff stream under a
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particular kind of ambiguity (called strongly rectangular) we need to identify the upper-rim generator of
the set of multiple priors, and value the payoff stream as if this is the true process governing the payoffs.

In the literature this process has become known as the worst case prior, because it identifies the prior that
at any given time ¢ gives the lowest expected discounted payoff from time ¢. In the literature on investment
under uncertainty (so-called “real options”) the approach has been used to value investment projects when
the decision maker is not sure about the stochastic process governing the cash-flows resulting from the
project. Typically, this literature models cash-flows as geometric Brownian motions and ambiguity takes the
form of xk ambiguity over the true trend of the diffusion. In that case it has been shown by Nishimura and
Ozaki (2007) that the worst case at any time t corresponds to the lowest possible trend that is considered
under xk-ambiguity.

In this paper we extend the Nishimura and Ozaki model to a timing game between two firms, which both
have the option to invest in a project, where one firm is ambiguous about the process governing cash-flows,
and the other firm (potentially) has a cost disadvantage. In such timing games, players typically have to
balance the expected future payoffs of being the first or second firm to invest; the leader and follower roles,
respectively.

The purpose of our paper is threefold. Firstly, we want to explore the effects of ambiguity on the leader
and follower payoffs to players. Secondly, we wish to extend the equilibrium concepts for stochastic timing
games' to include ambiguous players. Thirdly, we want to investigate the interaction of ambiguity and cost
(dis-) advantages on equilibrium investment scenarios.

Our main conclusions are as follows. First, contrary to all of the literature on ambiguity in the real options
literature, the worst case prior is not always the lowest possible trend under s ambiguity. As in any timing
game, an ambiguous player has to consider the payoffs of the leader and follower roles. The payoffs of
the latter role follow along very similar lines as in Nishimura and Ozaki (2007), i.e. the worst case payoff
corresponds to valuing the follower’s payoff stream as if the payoffs are driven by the diffusion with the
lowest admissible trend under x ambiguity. For the leader’s payoff, however, the situation is different,
because of the interplay between two opposing forces. On the one hand, the leader’s payoff consists of
current payoffs of being the leader. The worst case for these payoffs is represented by the lowest admissible
trend, like in the follower payoff. There is, however, another force at work: the risk that the other player

invests as well, which reduces the firm’s monopoly payoff to a duopoly payoff. This event has a downward

'Since the seminal contribution of Fudenberg and Tirole (1985) for deterministic timing games, many attempts to defining
equilibria in stochastic timing games has been made such as Thijssen (2010), Thijssen et al. (2012), de Villemeur et al. (2014),
Boyarchenko and Levendorski (2014), Azevedo and Paxson (2014), Huisman and Kort (2014).



effect on the leader’s payoff and is discounted using the expected time it takes until the other firm enters the
market. This expected time is reached faster for higher values of the trend of the stochastic process, so that
the worst case for this part of the leader’s payoffs is represented by the highest admissible trend. We use an
analysis based on backward stochastic differential equations and “g-expectations”, as introduced by Peng
(1997), to study which effect dominates. It turns out that for small values of the stochastic process, the worst
case always corresponds to the lowest admissible trend, whereas for higher values the highest admissible
trend may represent the worst case, depending on the underlying parameters.

Secondly, we show that equilibria can be of two types. First, there may be preemptive equilibria in which
one of the firms invests at a time where it is not optimal for either firm to do so. This type of equilibrium is
familiar from the literature ( e.g. Fudenberg and Tirole (1985), Weeds (2002), Pawlina and Kort (2006)) but
we use a technique recently developed by Riedel and Steg (2014) to rigorously prove existence of this type
of equilibrium rather than relying on fairly ad hoc arguments that are often used in the existing literature.
It should be pointed out here that in a preemptive equilibrium it is known a.s. ex ante which firm is going
to invest first. This firm will invest at a point in time where its leader value exceeds its follower value, but
where its competitor is indifferent between the two roles. A second type of equilibrium that can exist is a
sequential equilibrium, in which one firm invests at a time where it is optimal for them to do so. By that
we mean that the firm would choose the same time to invest even if it knew that the other firm could not
preempt. Each game always has at least an equilibrium of one of these two types, which can not co-exist.
These two types of equilibrium each lead to a clear prediction, a.s., as to which firm invests first. The role of
first mover depends crucially on the levels of ambiguity and cost (dis-) advantage, as we show in a numerical
analysis.

As mentioned above we obtain our equilibrium results by using techniques developed by Riedel and
Steg (2014). It should be pointed out that we cannot simply adopt their strategies to our setting due to the
presence of an ambiguous player. In fact, the notion of extended mixed strategy as introduced in Riedel
and Steg (2014) presents a conceptual problem here. An extended mixed strategy consists, in essence, of a
distribution over stopping times as well as a coordination device that allows players to coordinate in cases
where equilibrium considerations require one and only one firm to invest and it is not clear a priori which
firm this should be. In our model we need this coordination device as well, but we do not want ambiguity to
extend to the uncertainty created by this coordination mechanism, i.e. ambiguity is over payoffs exclusively.
This presents problems if we want to define payoffs to the ambiguous firm if it plays a mixture over stopping
times. For equilibrium existence, however, such mixtures are not needed, so we choose to restrict attention

to what we call extended pure strategies, which consist of a stopping time and an element related to the



coordination mechanism mentioned above. By making this simplifying assumption, together with strong
rectangularity of the set of priors, we can write the worst case payoff of a pair of extended pure strategies as

a sum of worst cases of leader and follower payoffs.

2 The Model

We follow Pawlina and Kort (2006) in considering two firms who are competing to implement a new tech-
nology. Uncertainty in the market is modeled on a filtered probability space (2, 7, (%), ,P) using a
geometric Brownian motion

dX

where (Bt); is a Wiener process. The sunk costs of investment are > 0 for Firm 1 and a/, o > 1, for
Firm 2. So, Firm 1 has a cost advantage.

The payoft streams are given by processes (DkéXt)tzo’ where Dy, k, ¢ = 0, 1, denotes the scaling factor
if the firm’s investment status is k (k = 0 if the firm has not invested and & = 1 if the firm has invested) and
the investment status of the competitor is £. It is assumed that Doy = 0 (wlog), that D¢ > D11 > 0 > Doy,
and that there is a first mover advantage, i.e. D1g > D11 — Do;.

We assume that Firm 1 may have a cost advantage, but also that it is ambiguous about the trend u.
Following the recent literature on ambiguity in continuous time models we model the set of priors that the
firm considers using a set of density generators. The set of measures that is considered by the firm is denoted
by 29, where O is a set of density generators. A process (0,5)120 is a density generator if it is such that the

process (Mf)t>0, where
dmy

My

= —0,dB;, MY =1, (1)

is a P-martingale. Such a process (Gt)tzo generates a new measure PY via the Radon-Nikodym derivative
dP?/dP = M?..

In order to use density generators as a model for ambiguity the set © needs some more structure. Fol-
lowing Chen and Epstein (2002), the set of density generators, O, is chosen as follows. Let (@t)tZo be a

collection of correspondences ©; : {2 — R, such that

1. There is a compact subset K C R, such that ©;(w) C K, forallw € Q and all ¢ € [0,T];
2. Forallt € [0,T], ©; is compact-valued and convex-valued;

3. Forall t € (0,7, the mapping (s,w) — Os(w), restricted to [0, ] x Q, is A0, t] x .#;-measurable;



4. 0 € O4(w), dt ® dP-a.e.
The set of density generators is then taken to be,
0= {(Ht)tzo |0 (w) € Or(w),dP — a.e., all t > 0},

and the resulting set of measures 2?° is called strongly-rectangular. For sets of strongly rectangular priors

the following has been obtained by Chen and Epstein (2002):
1. Pec 29;
2. All measures in & are uniformly absolutely continuous with respect to P and are equivalent to P;

3. Forevery X € £%(Q,.7,P), there exists P* € 2© such that for all ¢ > 0,

EP[X|.%] = inf EY[X|.%). 2)
Qep®

Finally, for further reference, define the upper-rim generator (Hj)tzo, where
0; = argmax{o,(t)0:|0; € O}. 3)

Note that (6;),, € ©.

From Girsanov’s theorem it immediately follows that under P’ € 29, the process (Bf ) defined by

t>0’
t

Bf:Bt—i—/ 04ds,
0

is a P?-Brownian motion and that, under P?, the process (Xt)tzo follows the diffusion

dX;

Furthermore,
1o (t) = p— ob;.

In the remainder we will assume that ©, = [—x, k], for all ¢ > 0, for some x > 0. Denote A =
[, 7i] = [ — ok, p + ok]. This form of ambiguity is called x-ignorance (cf. Chen and Epstein (2002)).
The advantages of using this definition of ambiguity are that (i) O is strongly rectangular so that the results
stated above apply and (ii) the upper-rim generator takes a convenient form, namely 0; = «, for all t > 0.

In addition, it can easily be shown that (Bf ) is a P-martingale for every (Qt)tzo € 0.

>0

Notice, Cheng and Riedel (2013) show that k—ignorance can be applied in an infinite time-horizon. In
particular they show that value functions taken under drift ambiguity in the infinite time horizon are nothing
but the limits of value functions of finite time horizons 1" if T — oo.

In our model, we assume Firm 1 to be ambiguity averse.

Finally, the discount rate is assumed to be r > 7.



3 Value Functions: Leader Value and Follower Value

Assume Firm 1 becomes the leader at ¢. Then the non-ambiguous Firm 2 solves the optimal stopping

problem
7_F

Fo(z) = sup EP[ / " e Doy Xy ds + / eIy X, - e *t>af|ﬂt] @)

7'2F Zt t T
Thus, 74" is the optimal time Firm 2 invests as a follower.
On the other hand, if the non-ambiguous firm becomes the leader at a certain point in time ¢, its value

function is

TF oo
Lo(z) = EP[ / e D X ds + / e_r(s_t)DnXsds—aI]L%}, (5)
t T.

F
1
where T1F denotes the optimal time at which the ambiguous firm invests as a follower. From the standard

literature on real option games (cf. Pawlina and Kort (2006)) we know that the former value function can be

written as
wb (00D o) ()™ i @y <af,
Fy(a)=q " T " ©6)
%D;l —al if x; > xg,

where 7" is the first hitting time of 2, i.e
' = inf{s > t|X, > 2L’}

The standard procedure of dynamic programming yields that the threshold x%" is given by

F_ Bp)  al(r—p)
B(p) =1 D11 — Doy’

where (1) is the positive root of the fundamental quadratic 1/2023(u)(8(u) — 1) + pB(p) —r = 0, which

is

Applying the standard techniques of backward induction and dynamic programming, one can show that

the leader value (5) turns out to be

1(Dy1—D B(w) .
L,fgﬂo — ol + ZePn=Dio) o 10) (ﬁv) ,if o <ol
LQ(CCt) = 1
:Elel 3 F
m—jl, if .’Et>$1.

Accordingly, the real value xf describes the optimal time for the ambiguous firm to become the follower,
ie.

f =inf{s > t| X, > z1'}.



If ambiguity is introduced, the standard techniques for computing the value functions are not applicable
any longer. In our case, where ambiguity is modeled by a strongly rectangular set of density generators, one
needs, in contrast to the standard case, to allow for changing priors over time.

The value functions of the ambiguous Firm 1 are given by

F

Fi(z) := sup inf EQ[/ ' e‘T(s_t)Do1Xsds+/ e 70Dy X —S_T(Tlp_t)f\ﬁt] @)
t T

>t QEP® F

and
F

7'2 o
Ly(we) = inf EQ[ /t e Do X ods + / ) e‘“s—t)DnXsds‘%} s )

2
respectively.

If the set of priors #© is strongly rectangular, it turns out that problem (7) can be reduced to a standard
optimal stopping problem and, hence, can be solved by using standard techniques. This reduction is possible

due to the following lemma, the proof of which is standard and is, thus, omitted.

Lemma 1. Ler 22° be strongly-rectangular. Then

o prF 00
Fy(z) = sup EX { / e Do X ods + / e "D Xods — e T O], (9)
TlFZt t 7'1F

where (07 ), is the upper-rim generator (3)

Hence, for the follower problem of the ambiguous firm, the worst case is always induced by the worst
possible drift p. This observation indeed makes sense; the actions of the opponent have, essentially, no
influence of the decision as a follower. The problem therefore reduces to one of a monopolistic” decision-
maker. Nishimura and Ozaki (2007) already showed that for such decisions, the worst case is always given
by the worst trend p.

In other words, we find that the follower value of the ambiguous firm can be expressed by

_ B(w)
F( ) x;321 + <If(DrliuD01) _I) <;37{§) - if 7, < l‘f, (10)
1(xe) = = =
“BL ] if x> ol

where
o B Ir—p)

~ B(w) — 1Dy — Dot

Determining the leader value function of the ambiguous firm, however, is a different issue. The action

of the opponent (in this case the decision when to invest as a follower) is crucial for the computation of the

leader function which might lead, as we will see, to a non-trivial behaviour of the worst case prior.



Figure 1: The Leader value function Li(z;) for the values Do = 1.5, D11 = 1, Dg; = —0.01, » = 0.05,
o =0.1,T=100, p=0.02, 7 = 0.3, p = 0.01 and 2 = 5.95.

The next theorem describes the leader value function of the ambiguous firm. Two cases are distinguished
there. If the difference D19 — D;; is sufficiently small, we find that the worst case is, as before, always
induced by p. In case this condition is not satisfied, the worst case is given by p for values x; up to a certain
threshold x*, where it jumps to . The intuition for this fact can already be derived from equation (8); the
lowest trend y gives the minimal values for the payoff stream (Dy; X;). However, the higher the trend 1 the
sooner the stopping time 74" is expected to be reached. The higher payoff stream (D19X;) is then sooner

replaced by the lower one (D;;X;). If the drop of the payoffs becomes sufficiently small, the former effect

always dominates the latter. In this case the worst case is given by u for each ;.

Theorem 1. The worst case for the leader function of the ambiguous firm is always given by the worst

possible drift pu if and only if the following condition holds

D1y — D1y 1

< (1)
D B()
In this case, the leader function becomes
B(w)
Diozy Tt ~ D11—Dyo . F : F
— -+ (7> — xo — 1 lfl’t <z
Ll(l't): T—p =k r—p 2 2 (12)
%Eét —1TI ifxy > ab.



On the other hand, if Dio=Du L then there exists a unique threshold

D1o B()

T—p r—mn

_1
B(m)—1

such that i is the worst case on the set { Xy < x*} and [i is the worst case on {z* < Xy < x}'}. Further-

more, in this case the leader value function is given by

[,,)ffoﬁt + Ayz, W — 1

Ll(xt): Dipz: 4 (2 Br) D11 _ Dio
r—n xg T—p r—n
Diyixe I
r—H

where

s <D105E* B D10$*) LI <(~T*)
1 r — ﬂ r — H (J,‘*)ﬁ(ﬁ) Ty

)

)

F
Ty —

if ey < x*
I ifz* <ap<af

l.f.CUt nga

D11 D1 ) F
_ ) o
r—p r—p)"? (o

(13)

Figure (1) shows a typical run of the leader value function for the case that the worst case changes. The

critical value z* determines the maximal value of this function in the interval [0, z%]. The worst case is

given by the lowest possible trend in the region where L is increasing, whereas the highest possible trend

depicts the worst case whenever the leader function is decreasing.

For the proof of Theorem (1), we need a completely different approach compared to the standard literature

on real option games. We use backward stochastic differential equations and g—expectations introduced by

Peng (1997). The advantage of this approach lies in the fact that we know the value of our problem at

the entry point of the follower. This value yields the starting point for a backward stochastic differential

equation. The non-linear Feynman-Kac formula reduces the problem to solving a certain non-linear partial

differential equation. From this non-linear PDE we are eventually able to derive the worst case prior.

Proof.

Denote
F

Qez®

Y, := inf E? [/ ’ e_r(s_t)Dmeds—i-/
t

F
T2

€_T(S_t) DHXSdS‘.Ft]



Applying the time consistency property of a rectangular set of density generators gives

fTQF] ‘]—}]
TF

— inf E9 /2 efr(sft)Dmeds—i—e*T(T?F*t) inf E9 [/ er(STQF)DnXst‘]:TF] ‘Ft]
Qe»® t Q' e»® F 2

o0

-
Y, = inf E9 / e Dy Xods + / e "6 Dy Xods ]-"t]
t T

Qep® F

I [ =
= inf E9| inf E@ / e "D Dy Xods + / e " Dy Xods
QE,@G _Q’E,@e t 7_2F

7_F
= inf E® / ’ e "Dy X ds + 671”(7;4)(1)(%1?) ft] ;
Qep© t 2

where
D11y

r—p

®(zy) ;= inf EQ[ / e "Dy X ds (14)

Qex® t
Chen and Epstein (2002) show that Y; solves the BSDE

R =

_d}/;‘/ = g(Zt>dt — thBt7
for the generator
9(z) = —kl|z| = rYy + Xy D1o.
The boundary condition is given by
Y,r = @(ah),

In the terminology of Peng (2013) we say that the leader value is the g-expectation of the random variable

® (1), and denote it by
Y; = Ey[@(a3)| ).

Denote the present value of the leader payoff by L, i.e.

The non-linear Feynman-Kac formula® (Peng, 2013, Theorem 3) implies that L solves the non-linear
PDE
ZxL(z) + g(oxL'(z)) = 0.

Hence, L solves

1
502372L”(x) + pxL'(z) — kow |L'(z)| — rL(z) + Dioz = 0. (15)

Note that Peng (1991) shows that the non-linear Feynman-Kac formula not only holds for deterministic times but also first exit

times like 7 .

10



Expression (15) implies that y is the worst case on the set {z < 23|L’(z) > 0} and [ is the worst case on
{z <2 |L'(z) < 0}.
The general increasing solution to the PDE (15) is

D
L) = 282 gy

where y equals either p1 or 7z. The constant A is determined by the boundary condition L(p, z5) = ® ().
Notice that L is a concave function in . Indeed, L consists of a linear function plus a term Az, in which
A denotes a constant and 2°(*) a convex function (since 3(p) > 1 for all ). Furthermore, we have A < 0,
which follows directly from the boundary condition (14) and the fact that D¢ > D1;. Hence, L is concave.

In order to determine the constant A, we suppose for the moment that y is the worst case in the region

close to x}". The value matching condition at x5 then gives

Digzh Dyl
L, xg) _ DT Alxgﬁ(g) _ Yury
a r—H r—H
This implies
Dyy—D -
A = 10 113651 B(g),
r—H
and therefore 860
D % Dy — D
L(zy) = =20 4 (”Z’;) — 0 (16)
) xy )
On the other hand, if we suppose that 1 is the worst case close to xg , the value matching condition gives
Dygx? T D2
L, f) = 1073 Aﬂgﬂ(u) _ Dty
r—pn )
This implies
D D 8@
A2 = 1 — 1(L$51 5(M)
=g r—Q
Hence, in that region, we have
D B(R) D D
L(zy) = 2202 4 <”"P€> < L 1°> o5 17
r—Q x4 rT—p  r—Q

Now two cases are possible. Either yu is always the worst case or there exists a critical point z* < xf
such that 1 is the worst case on {X; < z*} and 1 is the worst case on {z* < X; < z1'}.

Note first that the value function L is increasing at 0. That means p is the worst case close to 0.

So, u is always the worst case if and only if L'(x) > 0 for all z < xg . Due to the continuity and

concavity of the value function, this is equivalent to the condition
L'(z%) > 0.

11



Therefore,

r— r—p =\t
D1
D11 — Dy > —
Bp)
D1o — D1y < 1
Dy~ B(p)

If the last condition is not satisfied, the worst case changes at some point x* < x from i to . Using
again the continuity and concavity of the leader value function, we can easily verify that * is uniquely

determined by L'(z*) = 0. Hence, z* is the solution to

D1 D11 D1 (o \Pet
(25 Py ()
r—Ti r—p r—mn !

x\ B(E)—-1
(2 252

r—p  r—Q T5 r—1
F - D D =
Ty T g B(r)
1
Dig B(m)—1
* T—H
r = |- T
D _ Do B(7g 2
2L — 2 B(p)

At x* we get a further value matching condition firstly observed by Cheng and Riedel (2013), namely
that L(p, x*) = L(jz, =*). This implies

Dioz* Dioz* [ 2*\*® / D D
10 +A1(x*)ﬁ(ﬁ) _ 1o + <F> ( 1 10> $§
T — H r—u

)
A — Dypz*  Dyoz” 1 n xt 5@ by Dy oF 1
! r—n r— (x*)ﬁ(ﬁ) ;L'g T— r— 2 (m*)ﬁ(ﬁy

and the result follows. m

T—E r—u

Thus,

3.1 Optimal Leader Threshold

Next we want to determine the optimal time to invest as a leader. Suppose Firm 2 knows it becomes the
leader and searches for the optimal time to invest. It then faces at time ¢ the following optimal stopping
problem

TF o0
L*(z) = sup EF { / e Dy X ds + / e*“S*t)DHXSds—e"“(Tia‘t)aI’ft]. (18)

¢ t F
7L 22t L,2 i

12



The solution can be found by applying the standard techniques and is given by
t L
7L o = inf{s > t|X; > 25},
where

oL B al(r—p)
27 B—1Dy— Do

The ambiguous firm solves the following optimal stopping problem

F

L*(x¢) = sup inf EQ[/ : e_T(s_t)D1oXsds+/

t PO t F
7'L,12t Qe L,1 T2

eI Dy Xds — 64(7271%)]‘]‘}]- (19)

Again, in order to determine this stopping time for the ambiguous firm, we cannot apply the standard pro-

cedure. Nevertheless, the stopping time does not differ from the one of a non-ambiguous firm given a drift

1.

Proposition 1. The optimal time to invest as a leader for the ambiguous firm is
711 = inf{s > t| X, > zky,

where

I Blp) I(r—p)
' B(p) — 1 D1g— Doo’

For the proof we refer to the appendix.

4 Equilibrium Analysis

The appropriate equilibrium concept for a game with ambiguity as described here is not immediately clear.
In this paper we consider two types of equilibria: preemptive equilibria in which firms try to preempt each
other at some times where it is sub-optimal to invest, and sequential equilibria, where one firm invests at its

optimal time.

4.1 Strategies and Payoffs

The appropriate notion of subgame perfect equilibrium for our game is developed in Riedel and Steg (2014).
Let .7 denote the set of stopping times with respect to the filtration (ﬂt)tEO' The set .7 will act as the set

of (pure) strategies. Given the definitions of the leader and follower payoffs above, the timing game is
P = ((@F, (Fizg, P P, T X T, (L, Fyy My)imr 2, (7i)ic.2)

13



where, for (11, 72) € I x I,
m = inf, E°[Lily<r, + Filrsm + Mily—p], and
my = EP[Lalryor, + Falyycry + Maly =),
The subgame starting at stopping time ¥ € 7 is the tuple
I'= <(Q: T (Ft)i>0,P); PO, Ty x Ty, (Li, Fy, Mi)iz1.2, (W?)z’:1,2> ,
where 7y is the set of stopping times no smaller than ¥ a.s.,
Ty ={re Tt >9,P—a.s.},
and, for (11, 72) € Ty x Ty,
7 = inf EC[Lilycr + Filyss + Mily—r| %), and
QeP°

ﬂ-g - EP[L217'1>T2 + F21’7'1<7'2 + M217’1:7’2‘¢0}\19]-

As itis argued in Riedel and Steg (2014) careful consideration has to be given to the appropriate notion of
strategy. They show that the notion of extended mixed strategy is versatile and intuitively appealing. For the

subgame I'” this is a pair of processes (G, a”), both taking values in [0, 1], with the following properties.

1. For every Q € 29, GV is adapted, has right-continuous and non-decreasing sample paths, with

GY(s) =0forall s < ¥, Q — a.s.

2. Forevery Q € 229, o is progressively measurable with right-continuous sample paths whenever its

value isin (0,1), @ — a.s.
3. Forevery Q € #°, on {t > ¥}, it holds that

) >0=G"t) =1, Q-a.s.

We use the convention that
G’(0-)=0, G%(x)=1, and o’(x0)=1.

For our purposes extended mixed strategies are, in fact, more general than necessary. Therefore, we
will restrict attention to what we will call extended pure strategies. For the subgame I'V this is a pair of

extended mixed strategies (G?, )1 2, where GV is restricted to take values in {0, 1}. In other words, in
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an extended pure strategy a firm does not mix over stopping times, but potentially mixes over its “investment
intensity” a’.
An extended pure strategy for the game T is then a collection (G, a”)yc 7 of extended pure strategies

in subgames I'?, ¥ € .7 satisfying the time consistency conditions that for all ¥, v € .7 it holds that
Lv<teR, =Gt =G"v-)+(1—-G°(v-))G"(t), 2°-qs. on {9 < v}, and
2. a?(7) = (1), 2°-qs., forall T € 7.

The importance of the aw component in the definition of extended pure strategy becomes obvious in the
definition of payoffs. Essentially o allows both for immediate investment and coordination between firms.
It leads to investment probabilities that can be thought of as the limits of conditional stage investment
probabilities of discrete-time behavioural strategies with vanishing period length. In the remainder, let %;9

9

be the first time that af is strictly positive, and let 77 be the first time that at least one oV is non-zero in the

subgame I'?, i.e.
%f:inf{tzﬁ ‘ a? (1) >0}, and %ﬂ:inf{tzﬂ ] o? (1) + o (¢) >o},
respectively. At time 77 the extended pure strategies induce a probability measure on the state state space
A = { {Firm 1 becomes the leader}, {Firm 2 becomes the leader}, {Both firms invest simultaneously} } ,
for which we will use the shorthand notation
A={(L,1),(L,2),M}.

Riedel and Steg (2014) show that the probability measure on A, induced by the pair (0/19, aqf), is given by

(

a? (#7)(1—a? (#7)) ir oA R N .
af(’?19)+a?(?ﬁ)—ajf(’?19)a?(%ﬂ) if 7,19 = fand Oé?(T?),OL}?(T?) >0
1 if%f< “f,or “f:%fanda?(Tf):O
ALi(F) =140 it 77 > 79, or 7 = 77 and o (7Y) = 0
L af (H)(1—ad (1)) A A . -
3 (lim 1nftw£9 a?(t)+a;-9(t)fajf(t)af(t) if 7 = Tf, (7)) = a;?(T;-g) =0,
. af (H)(1-ad (1)) 9 (20 9 (20
+lim SUP; |20 a?(t)+a?(t)faz9(t)a;?(t)) and o (77 +), o5 (7/+) > 0,
and
0 if7) =77, al (7)) = ol (77) = 0, and o (77 +), ¥ (7+) > 0
)‘11?4(7&9) = 9 (20 -
af (F)ad (77) herwi
O{?(7A'19)+a;9(72"9)7&?(7219)&;9(7“9) otherwise.
Note the following:
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1. if %;9 < %}9 there is no coordination problem: Firm ¢ becomes the leader a.s.;

2. if 7:;9 = %}9 , but a?(i’f ) = 0, there is no coordination problem: Firm i becomes the leader a.s.;

#) = 04?(7“9) = 0, and o? (77 +), a?(f'f—k) > 0, the leader role is

3. in the degenerate case where o ( J

7

effectively assigned on the basis of the flip of a fair coin;
4. there is no ambiguity (for Firm 1) over the measure \.

In order to derive the payoffs to firms, let Tg,i denote the first time that Gf jumps to one, i.e.
Tgﬁi:inf{tzﬁ‘Gf(t)>0}.

The payoff to the ambiguous firm of a pair of extended pure strategies ((G1, 1), (G2, a2)) in the sub-

game I'” is given by

9 AN 9 U\ .
Vi (Glaa1>G27a2) T

TF (o ¢]
inf E@ [1719 camingrd 49} </ 2 efr(sfﬁ)DloXst + / efr(sfﬁ)DHXSdS _ e—r("rg’l—ﬁ)[> “Ojﬁ]
Qe'@@ G, G,2 Tng TQF

' 00 .
inf EQ 1 . . _T(S_ﬁ)D X —r(s—ﬂ)D X. —r(r{ _19)1 ‘ o
+ Qlenﬂe Tg’2<m1n{7'g’1,7—19} (/7_32 € 01 st + 7-1F e 11Xs — € F9

[oe)
+ inf E9 |1, _ R / e "D X ds ‘9
Qcpo Tgyl_Tg’2<Tﬁ < 73’1 114s 9

P

T2
+ Qierge E¢ llfﬂgmin{rg LT Q}A?,l(f”) (/19 e "Dy Xods
’ ] T

F
2

o0
+/ e Dy Xods — er(Tgalﬂ)I> ‘fﬁ]

F

. ) bo—r(s—0
* Qggj@ EQ [17:79<min{7'g e 2})‘L,Q(T ) (/:19 e (s )DOIXst
, , P

o0
+ / e—r(s—ﬁ)Dlle — e_T(TlF_ﬁ)I> ’529]
-

1

00
+ Qgg@ EQ |:17A'19§min{7'g 1,7—3 2})\},14(7“9) </19 e_r(s_ﬂ)DlleCLg) ’yﬂ]
’ ’ T
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The first line of of the payoff function can be rewritten to

F 0o
: Q 2 —r(s—19) —r(s—19) (g )
legg@ E []'Tg,l<min{7'g’2ﬁ"l9} (/Tg 1 e Do Xsds + /TQF e D11 Xgds —e "6 I> ‘3;19]

— inf E€ lng <min{r? 27%79}6—7"(73,1—19) </ e—r(s—rg,l)DloXst
’ ’ T,

PO 9
Qe 2,

o0 9
+ / e ") Dy Xds — T ‘%

F
2

TF
. Q . Q| -~ —9) 2 —r(s=7g )
= ol E llrg,1<min{rg,2,+ﬁ}Q};{;@E [e o ( / e e DioXsds

oo
+ / e—r(s—Tg,l)DnXsds — I) ‘ng 1] ‘929]
- ,

F
2

F
0 / T2 0
= nf [173 <min(egpe0ye 01" it B9 !/ e ") Dy X ds

F

o0 '
+ / e TG Dy X ds — I‘gagl] ]%]
i ,

. (Y 9
B Q1€n9£9 EQ [173,1<min{73,27‘?”}e T(TG’l )Ll (ngJ))ﬁﬁ}

Using the same arguments, the other lines can be rewritten® and the payoff of the ambiguous firm even-

tually becomes

S0 9 O . (D
Vi(GL o, G2, 00) = Qlengge E€ [173,1<m1n{fg’2,+19}6 r(7G. )L1(x7371))%9}
i Q [ —r(18 ,—1) o
T o6 B It geminrg oye % (@ )| F ]
. Qfl S Cr ) P ]
* Qlenﬁg@ E _173,1273,2<719€ tM, (ng,l) 70

. 9 (20 —r(F9—0 ]
+Q1€n(;£® EQ _17A'79§min{7‘g’1,7'g’2})\[/,1(T )6 a )Ll(xfﬁ) gﬁ_

. [ ~ (Y —
+Q1€I}9§@ E? _1fﬁ§min{rg,1,7372})‘g,2(Tﬂ)e "I (240) F|

. [ ~ _p(#Y_
T G B Lo cmingrg, ng g A (F)e "M (20) | P |

3For the last three lines it is important to note that Firm 1 is not ambiguous over the measure ).
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In the same way, the payoff for the unambiguous firm can be written as

VY (GY, a8, GY,af) =E| 172 677«(73,1*79)112(%3 2)‘3%}

G2 <m1n{TG 5 70

+EP_119 O e_T(Tg’l )FQ(IZ‘ﬂ)

I TGY1<IH1H{TGY2,T19} T

%}
—r (18 ,—9)
_1Tg 1=78 2 <0 e M (xTﬁ ‘ 19}

9 (a0 —r(F0—0
_1%19§min{7'g,1,7'3,2}/\l/,2(T Je T Lo (wz0) 79|

+EP[1 (#)e " =0) By(2.0)| ]

%ﬁgmin{Tg 1 ,‘rg o} AL,l

+EP -1%ﬁ§min{T3 17e 2} A% (7219)677"(%0719) Mj(249) ﬁﬁ- )
4.2 Preemptive and Sequential Equilibria

An equilibrium for the subgame I'? is a pair of extended pure strategies ((GY,a?), (GY,a3)), such that for

each Firm i = 1,2 and every extended pure strategy (G?, o) it holds that
V(G al. Gy a) 2 V(G of GFa),

for j # i. A subgame perfect equilibrium is a pair of extended pure strategies ((C_?l, ai), (G, @2)), such
that for each 9 € .7 the pair ((GY,a?), (G5, a3)) is an equilibrium in the subgame I'?.
There are several types of equilibria of interest in this model. Fix ¢ € 7. For Firm ¢ we denote the

optimal time of investment, assuming that the other firm cannot preempt, in the subgame I' by 7'}49 ;> 1.€.
Tgi:inf{tZﬁ‘thxiL}.

We also define the preemption region as the part of the state space where both firms prefer to be the leader

rather than the follower, i.e.
P={zeRq|(Li(z) - Fi(x)) A (L2(z) — Fa(x)) > 0 }.

The first hitting time of P in the subgame I'” is denoted by T}Z.
We distinguish between two different equilibrium concepts. Lemma (2) determines a preemptive equilib-

rium.

Lemma 2. (Riedel and Steg (2014)) Suppose 9 € T satisfies 9 = 5 a.s. Then ((G1 ,ad), (G2,oz2)) given

1 ift = b, LI = F/, and (L} > F} or F/ = M})

1 1 LI—F} herwi
Ll Fl LQ F2 — Ot erwise.
> by T Ly>1y L]—M]
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181 Sequential Equilibrium:
firm1 becomes leader

T
161
1354k - Py

Preemptive Equilibrium:

firm 1 becomes leader

g 1.4
13r
Preemptive Equilibrium:

12¢ firm 2 becomes leader
1:4

Figure 2: The resulting equilibria with respect to x and « for the values D1g = 1.5, D11 = 1, Dg; = —0.01,
r=0.05,0 =0.1 and . = 0.02.

foranyt € [9,00) and Gf = 1>y, @ = 1,2, j € {1,2} i, are an equilibrium in the subgame at V.

In a preemptive equilibrium both firms try to preempt each other. Investment takes place sooner than it
optimally would, i.e. the time one firm would invest without the fear of being preempted. The resulting
equilibrium in the latter case is called sequential equilibrium. For certain underlying parameters (see Figure
(2)) the preemption time 7'}2 is greater than the the optimal time to invest 7'}4971. for firm i. A sequential

equilibrium is given by the next lemma.
Lemma 3. Suppose 9 = 1), < 79 for one i € {1,2}. Then ((GY, ), (GY,a3)) given by

a?(9) =1,GY(t) =0 forallt <9, G?(t) =0forallt <9

7

are an equilibrium in the subgame at 0.

Proof. The stopping time Tf ; 1s determined in Proposition (1) as the stopping time that maximizes the

leader payoff. Hence, without the threat of being preempted by its opponent, i.e. Tg i < r}?,, it is not optimal
to deviate for firm i. Firm j does not want to stop before Tgi as its payoff of becoming the leader is strictly
smaller than becoming the follower up to T}Z. ]

Now, we are finally able to formulate a subgame perfect equilibrium for our game.
Theorem 2. There exists a subgame perfect equilibrium ((G1, 1), (Ga, az)) with o and GY given by
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(i) Lemma (2) if either 9 > 7'}3 or T}g < Tgi.
(ii) Lemma (3) otherwise (i.e. ¥ < 7}3 and 7'}3 > 7'12 i)

Proof. Optimality for case (ii) follows along the same lines as the proof of Lemma (3).

Ifv > T}_?,, then optimality for case (i) follows directly from Lemma (2). What remains to proof is that,
in case ¥ < 7'}3, neither of the firms wants to invest sooner than 7.

We start with firm 1. Suppose that Firm 2 plays the preemption equilibrium strategy. Then if firm 1 plays
the preemption strategy, its payoff is Vi (z) = E [e™" L1 (xp)], for any = < zp. [This is the case, because,
either the other firm is indifferent between the leader and follower role at x p, in which case firm 1 becomes
the leader, or firm 1 is indifferent in which case F}(zp) = Li(zp).] Note that V; is a strictly increasing
function, with Vi (zp) = Li(xp) and V4(0) = 0 > L;1(0), so that Vi (z) > Ly(z) for any z < zp. The
only deviations 7 that could potentially give a higher payoff have 7 < 7p, P-a.s. Consider the first hitting
time 7 of some & < xp. Let V; denote the payoff to firm 1 of this strategy (while the other firm plays its
preemption strategy). For & < x < xp, it holds that V; (z) = Ly (z) < Vi (z).

For z < i, note that V; () = (%)ﬂLl(i’) = L;—Sf) Consider the mapping x L;—Ef) This function
attains its maximum at 2 > xzp. Therefore, its derivative is positive on (0, zp), implying that V3 (x) >

Vi (). Any stopping time 7 can be written as a mixture of first hitting times. So, no stopping time 7 with

7 < 7p, P-as. yields a higher payoff than 7p. For firm 2, the argument is similar after realizing that

Vi(z) = %wﬁ@ and Vi (z) = ;g—%mﬁ(ﬁ). This holds because zp < x¥ < z*, so that y is the trend
P

under the worst-case measure for every x € (0, zp].

]

Figure (2) shows the resulting equilibria with respect to different values of cost disadvantage and degree
of ambiguity. In a world without ambiguity, the firm that has the lower investment cost always becomes
the leader (cf. Pawlina and Kort (2006)). This result, however, might change if ambiguity is introduced.
Although the non-ambiguous firm has a higher cost of investment, it might become the leader anyway.

Ambiguity, therefore, might outbalance the cost advantage.

Appendix

A Proof of Proposition (1)

The proof is very similar to the proof of Theorem (1). We take the same procedure, but now considering the

value function in the continuation region, i.e. before any investment has taken place. Applying the BSDE
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approach and adding beside the value matching condition a smooth pasting condition eventually yield the

desired stopping time.

Proof.
Denote
’Tt TF D
L,1 2
Y, = inf EQ[ / e "D Do Xods + / e T Do Xods + / e—ﬁs—t)DHXsds‘ft}
Qe t 7'271 ¥

Using the time consistency property of a rectangular set of density generators yields

Tz,1 TQF [e9)
Y, = inf EQ[ / e Doo X ods + / e~ Dy Xods + / e*’"“*t)DHXSds‘ft}
Qex® t Tz’l ¥
Tt 7.F
’ L,1 2
— inf EY| inf E9 / e ") Do Xods + / e ") Do Xods
Qez® Qep® ¢ Tt

+/ e—r(s—t)DnXst‘]:Ti 1] ‘ft]

F
2

Tz,l , T2F
— inf E@ / e "D DooXds + e "Lt inf EQ / e ") Dy X ods
Qer® ¢ Qer® .

t
L1

> ¢
Jr/ e*T(s*TL’l)DllXSdS‘fTE 1] ‘ft]

F

T]f; 1
_ Q T r(s—t)
= Qler};@ E [/t e DgoXds + Ll(xTiJ)‘]:t] )

Chen and Epstein (2002) show that Y; solves the BSDE
*dYVt = g(Zt)dt — thBt,

for the generator

9(z) = —klz| = rYi + Xy Doo.

The boundary condition is given by

Y, = L(z}),

L1

Denote the present value of the leader payoff by A, i.e.
The non-linear Feynman-Kac formula implies that A solves the non-linear PDE

LxN\(zx) + gloxA'(z)) = 0.
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Hence, A solves

502:52/\"(:@ + paN' (z) — kox [N (2)| — rA(z) + Doz = 0. (A.1)

In the continuation region the leader function has to be increasing, hence A’ > 0. This implies that / is the
worst case in the continuation region.

Therefore, equation (A.1) becomes

1 1
50'21'2A/,($) + (u— ko)zN (x) — rA(z) + Door = §J2x2A”(x) + pxA'(x) — rA(z) + Dooz = 0.

The general increasing solution to this PDE is

Az) = 20% | 4,8,

r—p

We have to distinguish two cases here. Either the condition given in theorem (1) holds which means that
the boundary condition takes the form (12) or the boundary condition becomes (13).

We will show that for both cases, the optimal threshold to invest becomes

L Blp)  nL(r—p)

= . (A.2)
"7 B(p) — 1 Do — Dyo
Let’s first take a look at the former case. The value matching condition is given by
T 2\ Dy — Dyg P
Ll(l',rz’l)f ’r‘—'u,+<;p5> ﬁx2 —I (A?))

In addition to the value matching condition we apply another boundary condition called smooth pasting.

Smooth pasting implies that the derivatives of the value function A and L coincide at Lot s ie.
A'(:CTEJ) = LII(CCTEYI). (A4)

This condition ensures differentiability at the investment threshold.

Applying condition (A.4) yields

D B D LA Blp)-1 D11 — D
00 +5(H)A2$1LB(H) L_ P <931) 11 10

r—p r—p zf r—p
A — Dig— Doo 1 1 Dy —Dyp 1
T P e N
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The value matching condition gives

Dqo — a¥ Dyg— Dgp 1 1 D11 — Dy 1 LW _ Dy — z¥
r=p T K B(B)mfﬁ(ﬁ)fl =K :UQF’B(H)f1 ' rT—H
(Jff>ﬁ(u) D11 — Do g
+ (5 r_1
Ty r—p
Do —at  Dio—Do 1 Dozt s
r—p r—p Bl r—p

—1Dyy—D
I B(w) 10 Oole,

Blp)  r—p

and therefore
L_ B Ii(r —p)

xri = .
' B—1Dyy— Do

In case y is not always the worst case, the boundary value Ly (zf) differs. We have

L
Dlol‘l

A — Dypz* Dy’ 1 N xt 5 pyy Dy o 1
! r—n  r—p) gFw zl r—p r—p) % AW

Here smooth pasting gives

Li(at) = + At g,

where

D 8(p)—1 D 1B(w)—1
00 + B(p) Agzy W=t _ ~10 + B(p) Arzy @
T— U T— U
1, 10 — Poo "

Applying the value matching condition finally yields

Dooz? n Dio— Doo 1 1 A AW _ Dyozt
= = B(H) leB(ﬁ)— 1

and the result follows. m
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