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Abstract

This paper tackles the problem of irreversible stieent and price negotiation under Knightian uragety using the
real options lens. We present a multiple-priorsedasormulation of utility in continuous-time thatemnits a
distinction between risk and uncertainty in decismaking to study the impact of vagueness/ambiguoitybilateral
price negotiation and investment. Specifically, @@mine negotiation dynamics between a buyer aseller in a
dual options context (i.e., call for buyer and fautseller) to 1) derive thresholds for optimal caitment, 2) identify
conditions under which mutual agreement is wardar(®ith and without bargaining power), and 3) estien
likelihood of agreement, all in an environment fyatiwith deep economic uncertainty. Besides geizergl risk
uncertainty results found in previous research,fmagings highlight the moderating effect of negbdirs’ perceived
ambiguity (i.e., pessimism and optimism) on thecpss of negotiation and its related outcomes aodg® insights
into the formulation of robust optimal (buying/set]) strategies for negotiation under high uncetsai

1 Introduction

Price negotiation is a fundamental and necessatypdoing business. Because of the many repeanss
price and supply dynamics have across buyers ditetsSevalue chains, it is not surprising that rigakd
uncertainty affect/determine negotiation outcomgsis is more so for large businesses where agents’
reservation profits need to be met in the contéxtomplex and highly unpredictable supply chainse T
influence of demand and supply side uncertaintyptaali with irreversibility gives decision-makerstlgt
information about the consequences of price neimiamaking (ex-post) commitment and potential
agreement difficult and risky. Added to this is tlude played by ambiguity/vagueness in the negotiat
process with buyers and sellers having their ownrcggions of what a suitable price should be fahea
party, resulting in outcomes from mutual agreentertte even more uncertain. With incomplete infororgt
risk, ambiguity and irreversibility characterizinfpe process of negotiation, buyers and sellers find
themselves outweighing pros and cons of potengetement under double sided uncertainty not knowing
with confidence opponents’ moves, influence andneouc expectations. Faced with such a deep



uncertainty, how should managers formulate thegotiation strategies and decide on when to buséd)
specific products or services in the presence gbtiaion ambiguity? This paper addresses thislprob
using the real options lens.

Real option theory has offered a valuable theaakfiamework for understanding decision-making
under uncertainty. By charting options as a sesfedecision points under possible events, manacgms
understand the risks and rewards of decision-makang more fully assess their opportunities. Thed re
options logic is based on the modern financial i pricing theory of Black and Scholes (1973) and
Merton (1973). Financial options give holders rgghwithout the obligation, to buy or sell underlyiassets
at pre-specified prices (i.e., strikes) on or befgiven expiry dates. Specific to the valuation apgraisal
of real investment opportunities is the concepteail options or options written on/in real assétse real
options approach was developed and formalized byrifileo (1979), McDonald and Siegel (1986),
Trigeorgis (1988), Dixit and Pindyck (1994) anddiorgis (1996). In contrast to traditional viewstth
managerial discretion is limited in the face of emainty or that organizational inertia dominatessal
options theory maintains that firms can engage witbertainty and benefit from it by exercising ops to
respond to uncertain futures.

There is an increasing interest in using real otito understand decision-making in supply chains.
This can be explained by the various sources oémiainity surrounding firms’ operations and the nésd
supply chain flexibility in today’s business enviraents (Cucchiella and Gastaldi, 2006). Thus, rekean
real options and supply chain management has beetducted by a number of authors such as Li and
Kouvelis (1999), Kamrad and Siddique (2004), Alzaaed Stenbacka (2007), Tsai (2008), Hult et &11(2
and Jiang et al. (2010). With respect to real otiand negotiation in supply chains, Fotopoulos and
Munson (2008) investigate supply contracts’ desigan environment of risk uncertain prices. Jiahgle
(2010) utilize options pricing theory to study vendirms’ behavior during outsourcing arrangemektsre
in relation to our paper, is the work of Moon et @011) who develop a bilateral negotiation moitel
derive optimal selling (buying) rules under riskcartainty, propose the idea of an Implicit Zond”otsible
Agreement (IZOPA) between buyers and sellers, asaligs the probability of negotiation agreemenmgisi
the real options lens. We extend this specificaegeby revisiting the problem of price negotiateomd its
real options dynamics under a dimension of unaastahat goes beyond risipecifically, we study the
impact of vagueness/ambiguity or deep uncertaintpitateral price negotiation and buyers/sellepian
exercise decisions.

The standard practice of real option analysis @®f laying out a vision of future events precise
enough to be captured in a probability distributipisk uncertainty), while assuming that agentsehav
perfect confidence in their probability judgmen@f course, that approach serves companies well in
relatively stable or risky business environmenist Bhen there is greater uncertainty about theréyti is
at best marginally helpful. Underestimating unaattacan lead to decisions that neither protectirega
threats nor take advantage of opportunities (Ceyrtri997). In reality, heightened concerns about
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uncertainty make agents generally not confidentutilioe likelihoods of specific events. This ambigui
tends to affect decision-making judgment and asalt alters decision outcomes.

When a buyer or seller determines when to negoéiagapply contract, the presence of vagueness in
probability judgments can be critical. The decisiorbuy or sell a product or service incurs sungte@and
is at least partly irreversible. Revenues and castsalways uncertain as they are affected by iy
factors, and hence are difficult to forecast admlyaThis dimension of uncertainty, characteribgdnot a
single probability measure but a set of probabititgasures for prediction, is frequently referredaso
ambiguity or Knightian uncertainty in economics aletision theory (Nishimura and Ozaki, 2007).

Therefore when studying the problem of price negmn, the standard real options models under risk
uncertainty need further extension and developnéence, here we adopt the multiple-priors utilitpdel
(e.g., Gilboa and Schmeidler, 1989) to analyze djxeamics of price negotiation under uncertainty and
highlight the impact of ambiguity on the call anat pption exercise decisions of buyers and progideor
consistency we refer to the standard approach osida-making under normal uncertainty as the risk
uncertainty case, while the more general case dbiqnty is referred to as decision-making under
ambiguity or Knightian uncertainty.

This distinction between risk uncertainty and Knigh uncertainty was first highlighted by Knight
(1921) and Keynes (1937) and has been further segblby Ellsberg (1961and Bewley (1986). The
Ellsberg Paradox demonstrates that people prefeet@n events with known probability (risk) prosise
rather than events with unknown probability outcenf@mbiguity). Ellsberg-type behavior contradidts t
Bayesian paradigm or the existence of a singleglitiby measure underlying choices (Basili, 2006)the
series of papers referring to ambiguity and itsisien theoretic properties, the Choquet expectddyut
theory by Schmeidler (1989) and the multiple-priat#ity in a min-max way by Gilboa and Schmeidler
(1989) are the most prominent. Worst-case robuptasgal has been widely recognized as the standard
attitude towards uncertainty in economics, finanmarkets and engineering. However, since the maxmin
criterion only captures pessimistic attitudes talgammbiguity, it leads to very conservative chaices
Ambiguity loving features should also be consideneddecision-making and prospects analysis. This
viewpoint is demonstrated by Heath and Tversky {3 %nd Kilka and Weber (2001). Therefore, when
assessing choices and their consequences undettaumige it is more realistic to model the full set
probability distributions and ambiguity attitudesdecision-makers.

In this paper, we rely on ther -maxmin expected utility - which is a generalizatiof the “maxmin”
model of Gilboa & Schmeidler (1989) - proposed bwrMacci (2002), Olszewski (2007) and Schréder
(2011), in order to model preferences that displapiguity aversion and ambiguity loving attitudewards
incomplete information. This specification providesatural way of broadening the spectrum of agents
behavioral traits (i.e. ambiguity attitude) towardgertainty and recommends evaluating an actlogdaa

The case of fundamental uncertainty with infiniggimnce or complete ignorance is not considereel. her
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convex combination (with weightr) of the utility of its worst possible result antitbe utility of its best
possible outcome (Ghirardato et al., 2008). Given gotential dollar value of price negotiation upply

chains, understanding vagueness in probabilityquelgs and studying the influence of agents’ unoesta
preferences during negotiation can be of signifitheoretical and practical importance.

Thus, we present a formulation of utility in contous-time that permits a distinction between risé a
uncertainty, ambiguity loving/seeking and ambiguatiersion attitudes, study the impact of ambigoity
bilateral price negotiation, and present conditionder which it is optimal to buy/sell or commitdayiven
product or service. This paper accounts for theignily surrounding the probability measures relaied
seller cost and buyer revenue and the attitudesleaision-makers towards them in the presence of
incomplete information.

The paper is organized as follows. In Section 2ewaain the model set-up for both buyer and seller
derive put and call option values and obtain thoklsh for optimal option exercise under
ambiguity/Knightian uncertainty. Section 3 defirmsimplicit zone of achievable agreement (IZOAA¥Y an
studies the condition for the existence of IZOAAldhe impact of Knightian uncertainty on this cdrafi.
Section 4 presents an analysis for negotiationesgeat probability under ambiguity/Knightian uncerta
Section 5 extends these findings to a model incatpy each party’s bargaining power under
ambiguity/Knightian uncertainty and studies the diban for the existence of IZOAA with negotiation
power and the impact of Knightian uncertainty ois thondition. The final section concludes with a
summary of findings and research implications. Braoe covered in the Appendix sections.

2 The optimal buying time and selling time under (Kightian) uncertainty

Most purchases by institutions, government ageneied commercial businesses are negotiated (Reeder,
1987). Negotiation is typically framed as a one dtgne provider situation. Bilateral negotiationg a
important mechanisms to achieve distributed canfiésolution and to meet the common interest of the
various parties. Studies related to the negotiatiodel in this paper mainly come from the followitogics:
negotiation range and cooperative bargaining ganoelels and their applications to supply chain
relationships.

From the literature on negotiation range, Waltod Bitkersie (1965), Raiffa (1982), Sebenius (1992),
define the range, “Zone of Possible Agreement” (ZDRahich is a zone of reservation prices in a
negotiation that will be acceptable to both partiesdenberg and Tirole (198&xamine the effects of
changes in bargaining costs, the size of the “eghtzone”, and the length of the bargaining prooessuch
aspects of the solution as the probability of inggaand the likelihood of concessions. Moon et2011)
present an Implicit Zone of Possible Agreement @RY under risk uncertainty with and without
negotiation power and study the negotiation agre¢mpeobability using real options. Our paper exasin
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these issues in a Knightian uncertain environm@ant. approach to the bilateral price negotiationbfEm
here differs from the analysis under risk uncetjaiof Moon et al. (2011) in that we incorporate the
uncertainty preference of negotiators and ambiguityprobability distributions to analyze the price
negotiation problem and its commitment dynamics.

Game theoretic models of bargaining have gelydoaken classified as either cooperative (“axioniati
or non-cooperative (“strategic”). In cooperativergaaning games, the parties have a shared interest,
whereas in honcooperative bargaining games (euhinBtein, 1982; Chattejee and Samuelson, 198¥) the
have distinctly opposing interests. Nash (1950,3)9&id down the framework for the axiomatic Nash
bargain solutioh In this paper, we focus on cooperative bargaimjames and their application to supply
chain management. Examples of studies in thisiaptade Dukes and Gal-Or (2003) on the optimal giesi
of exclusive advertising contracts, Gurnani and @@06) on dealing with supplier (un)reliability der
asymmetric information and Nagarajan and Sosic §20@d coalition formation in supply chains. More in
relation to our study, Mieghem (1999) develops medheoretic investment model considering the ofle
transfer prices and bargaining power in supplyrltapacity contracts. Bernstein and Marx (2006)rera
bargaining over the wholesale price within supphaios using the Nash bargaining model. Moon et al.
(2011) study supply contract negotiation when bugsenue and seller cost are risk uncertain andiobt
the optimal buying and selling strategies incorpinganegotiation powers. We cover the specific éssil
bargaining power under ambiguity in Section 5 @ ttontribution.

In this paper, a buyer and a seller bargain overoduct/service and negotiate at the same time. The
price of the product or service might not be definechpletely yet. The buyer has a call option wigores
them the option to buy the underlying asset befogeven date at a given price. The seller has aptibn
which gives the seller the right to sell the ungied asset before a given date at a given price. Quyer
and the provider trade at a contract pri&e, which is assumed to be constant over time. Tinéract price
X connects the buyer and the seller when constgetinlZOAA where call and put prospects intersect.

2.1 The price negotiation problem under Knightian uncertainty in continuous time

The conceptual framework underlying our proposeddehas based upon the IZOPA risk uncertainty
framework of Moon et al. (2011). We extend the atghfindings to the Knightian uncertainty casengsi
multiple-priors and thea -maxmin expected utility. This is a valuable wayacafpturing the vagueness in
judging probability distributions of uncertain facs and the ambiguity attitudes of negotiators, ead
yield robust buying/selling strategies for negadiatunder scenarios of deep uncertainty.

Geometric Brownian motions are frequently used twdeh prices as well as costs. L& and S,

denote the cost and the revenue for a seller dngyer. The ambiguity in seller cos§( and buyer revenue

? Further analysis of cooperative bargaining gamasbeafound in the works of, among others, Roth §)@hd Muthoo
(1996).
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(S,) are introduced through a set of geometric Browmations. The set of probability measurés are
expanded from the objective measure by the set of density generato& , where i =1 and 2 denote
the seller’s cost and the buyer’s revenue, resgsyti

Then ambiguity in the seller’s cost and the buyegsenue are modeled by a set of probability
distributions ZPi:{QﬂHi =(6(t))c©} where Q" is derived from R (see the detailed definition in
Nishimura and Ozaki (2007)). Moréover, we assuns thg 0O, are restricted to the non-stochastic
range K; =[-«;, k], where «, (x, =0) is the ambiguity/ignorance level in probabilitistibutions, which
is a constant given by some objective informatind ased to limit the scope of the density genesafbhis
specification of ambiguity in continuous-time is ledl «; -ignorance by Chen and Epstein (2002) in a
different context.

Since dB? =dB +@4dt by Girsanov’s theorem (Duffie, 2001, p.111, p. 33Ve have for anyy, € ©,
the Ito process of§ and S, to the general se2 and P, yields under ambiguity:

dS()=( —cf)SOd+0SHIB  (t>0,v4€6,i=12 (1)

where i = — a6, i represents the expected growth rate®f o; is the volatility of S.
Parametersy and o, are assumed to be constant over tidB® is a standard Brownian motion with
respect toQ® by Girsanov's theoremdB’ =dB, +8dt, E(dB")=0, E[dB" dBY]=cdt. 6 affects
only the drift term, and not the volatility term.

The utilities of seller cost and buyer revenue akculated by considering ambiguity preferences of
negotiators and the level of ambiguity in probapildistributions by applying ther -maxmin utility
framework described in Marinacci (2002), Olszew@007) and Schroder (2011). The-maxmin utility
extends the multiple-priors utility in a min-max yhy Gilboa and Schmeidler (1989) to include amihgu
loving/seeking features and separate the levelnabiguity in probabilities, and the specific ambigui
attitude captured by the individual parameter. Then the expected present discounted valu§{f) with

respect toQ” fromtime t totime T is defined by thea -maxmin expected valudV (S (t)):
W(S (1) =a supE" [g §)I+ (1) inf B [g,(S)] (2)
QR Q"OR

where gl(Sl):J‘tT S(r)e""dr, gz(Sz):_[tT S,(r)e""™dr. For the seller,a;, denotes pessimism with
respect to seller cost reflecting the weight atitiefol to the worst case (the supremum of cost). Véleeimg

a, =1, a,-expected value coincides with those under the nmapreference of Gilboa and Schmeidler

(1989) or the case of pure pessimism. For the buyeris defined as the perceived optimism level for the



buyer’s revenue which reflects the weight attribute the best casex, =1 denotes the case of complete

ambiguity loving or optimism (the supremum of reweh The parametersr; and a, consider the

tradeoff between pessimism and optimism and reftextevels of ambiguity aversion and ambiguityitav
of decision-makers.

Let the ambiguity level in probability distributiof; =[-«;,«;], The (multiple prior) @ -maxmin
expected seller cost and buyer revenue can beedilin
W(S (1)) = A[L-e T 0]5(1) 3)

a 1-a
+
[—f—OK I ~l+0K

Where A =

, k=20, A is the ambiguity multiplier of S(t), which

connects the value of at timet and expected present discounted valueSdf) in the a-maxmin
expectation frameworkM (S (t)) over some period of timed OR. r is the discount rateu<r,

U + k.0 <r, otherwise ift is big enough, waiting longer is always a betteategy and the optimal

solution does not exist.

We assumeT approaches infinity to obtain close form solutionBough this assumption has several
limitations in practice, it can still be considersghsonable for long-term contracts or in situaiernere
parties involved have exclusive and continuougiaahips.

Consequently, under; -ignorance, we obtain ther -maxmin expected value o§ (t) :

W(S (1) =AS(t) (4)

Equation (4) shows that the expected discountegegabf S(t) in the a-maxmin utility framework
are determined, not only by the ambiguity multipbé S(t) that decision-makers themselves forecast and
set, but also by the value @& at the starting time&t of the supply contract.

For any 6, €©,, since 4 is constant over time, substituting (t) =W (S (t))/4 , we have

dW (t) = (14 - G:8)W (t)dt + g W (t)dB (5)

Where i =1 and 2 denote the seller’'s cost and the buyer’s reveragpectively. We usé\(t) to
denote W (S (t)) for convenience.

The optimal investment rule for a seller and a lbuyaletermined by solving the following stochastic
optimal stopping problem, where the selling andibgiypportunity values under Knightian uncertaiatg

denoted by F(W,) and F,(W,).



R = maxEX {X -w, ¢} (6)
Fo (W) = maxEX™ {w, 0)- X} )

Where X is the total contract price of the commodity (ervsce), which is negotiated based on the
a -maxmin expected value 0§, (t) and S,(t) under Knightian uncertainty.
Using Ito’s Lemma (see Dixit and Pindyck 1994, M() we obtain
dF, (vv)_ oK Lt F "AW (1) += F"(dV\/i(t))z (8)

Where F' =dF W)/oW (t), F' =62Fi(\/\/i)/6V\/iz(t)

Since terms in(dt)” and dBdt go to zero faster thamit, we have (dw (t))" =o;?(W (t)) dt .
Since 6 0O, is restricted to the non-stochastic range=[-«, ], where « (x; =20). Then E[&] =0.
Noting E(dB,) =0, we obtairthe expectation ofdF (W)

B[R (W)] = 4R W (1)t 2 F o (W (1)) et (©)

Equation (9) expresses the equilibrium conditiontloé decision to postpone buying or selling,
expressing seller and buyer willingness to holdrtbptions.
In the waiting region the Bellman equation is (seg Dixit and Pindyck, 1994, P140):
rkdt = E[dR(W)] for i=1,2 (10)
Equation (10) says that over a time intenwil, the total expected return on the opportunitl,dt , is
equal to its expected rate of capital appreciation.

Then we have the Bellman equation (after dividiggitd
1

SFar (W (6) + uFW (1) -rF ) =0 (11)
Equation (11) means that the real options valuedelflying decision making should satisfy the

condition: the expected future gain should be equahe normal returnr (W) to prevent any arbitrage

profits from occurring.

2.2 The optimal selling time under Knightian uncerainty

The put option value under Knightian uncertainfy(\})) must satisfy the following boundary,

value-matching and smooth-pasting conditions:

Jim Fw) =0 (12)

FOW)=X-W, (13)
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FW)=-1 (14)
Equation (12) reflects the fact that the put optratue will be zero if the expectation of sellersst

W, is very large. Equation (13) is the value-matcheogdition such that at the moment the put opt#n i

exercised, its payoff is equal to the net presemtier of the selling decision. Equation (14) is the
smooth-pasting condition such that the optimalrsglirigger is the one that maximizes the valu¢hef put
option.

To find F(W,), we solve Equation (11) subject to the boundarypddmns (12)-(14). Since

W, (t) = A4, S,(t) , we have the put option value under Knightian utabety

FOW) = ANISH if §>S) (15)
T IX=AS if s <s
* 1—181 0’1 1_a1 * /8
Where =-|A /,6’ , A= + =—3 X
A (1S]K) ! -0k, [-lhtOK, 3 (8, -\,
1w 1o ul 2
B, = +—<0. A, 3 and A are constantsS is the trigger value of the product

2 o 2 of ol

or service when the option to sell is exercised, and the commsdityd.

When «; =0, we can obtain the option value under risk uncertaiRty(\W,) comparable to Moon et al.

(2011).
Ar(#,S)* if S,>Sg
F _ 16
=) { X-¢S if S<Sg e
Where the subscripR denotes risk uncertaintySIR:LX, AR:—(SR)kﬁ , @ = = :
(61_1)¢1 61 r=4t
1 1 u 2 1B . ngl
_ 0 — e e § 1 ~— <0. 1-1R
r—m>0 B 51201\/201 +Ul< A=) AR S = X

The timing of selling a commodity is viewed as andstment opportunity. It is a standard optimal
stopping problem. Indeed, the opportunity valukig when the seller’s cost is large and more tHgin so
it is best to wait and postpone selling. This defittee so-called “waiting region.” The waiting regiof S
given «,=0 and § given =0 and ,=0.2 are shown in Figures 1 (a) and (b) respectively.
Conversely, the opportunity value is relativelyhighen the seller’s cost is small so it is optinoa¢xercise
the put option immediately; this defines the “stoygpiegion.”

A decrease in the pessimism level of the sellet ¢as) increases the affordable critical trigger value
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of S as shown in Figure 1(a). The critical trigger \ealinder risk uncertaintyg, is lower than critical
trigger value S when a,=0 and is higher than§ when a,=1.

Let us now compare in Figure 1 (b) the effect of inorease in ambiguity level in probability
distributions ;) on the critical trigger value of the seller's tds ). An increase ink, has opposite
impacts on the choices of very pessimistic and nuptic decision-makers. Ask, increases,very
pessimistic decision-makergr(=1) need to lower the critical trigger value of c¢S) at the start time of
the option and make deferral more likely in ordeavoid losses under further uncertainty, whilarafstic

decision-makers accept a higher critical triggdueaf cos( S ).

- S;R a Sik b
6! —e—S(a,=0) 6] =-='S(a,=0,k=0.1)
== S (a,=0.25) ~+ S(a,=04=02)
S;_ re—— S;_(al: 05) Sl ------ S;-(alz 1'/(1: Ol)
4 EmEEEI S;-(a12075) 4 ---S;_(a]-:l,/(l:o.z)
s .
______ Waiting
i I region
b of S (a,=0)
2 /, 2
e
)ﬁ?ﬁ*
g.5e
I I | | O: 1 |
C;0 20 40 60 80 0 20 40 60 80
The contract price X The contract price X

Figure 1 (a) the impacts of seller pessimism orctiv@ract price and (b) the impacts of seller amityg

level in probability distributions on the contractce. Herer =0.08, 1 =0.03, ¢, =0.15.

2.3 The optimal buying time under Knightian uncertanty

The call option value under Knightian uncertainfyp(W,) must satisfy the following boundary,

value-matching and smooth-pasting conditions:

F,(0)=0 (17)
F,W,) =W, — X (18)
W) =1 (19)

To find F,(W,), we solve Equation (11) subject to the boundarydd®mns (17)-(19). Since
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W, (t) = A,S,(t) , we have

Baxfa *
E,(W,) = ANS,) !f S,< S*2
AS,—X if §,>8S,
(20)
* NI a. l1-a
Where Wi (t) = A,S,(t) , A =(\,Sx ) /ﬁz , A = . + -

M= —0K, I —[+OK, :

S;z ﬁz X:¢2S;R ﬂ _1_&4_ 1 & _|_£>1_
(B, —DA, A, P2 of 2 o5 ol

The buyer will exercise the call option only wheg) > S, . Otherwise, the buyer will delay buying the
commodity until S, > S .

When «, =0, the value of buying the commodity under risk utaiaty F,.(W,) is given by

AZR(¢2 S)* if S,<Sg
* B, . $,S, _ 1 (Se)* 15
Where S, =—2—X, S ="2® g = y T=, >0, A=, A=) " Ag,
TG TN ATy T AT ATTA
1 1 Nz E
Po =P = 2 02+\/2 ol +a§>1'

It is important to see the optimal and non-optieetrcise regions within the contract price domhin.
Figures 2(a) and 2(b)S, separates the optimal and non-optimal regionghferbuyer. Waiting is optimal
when buyer revenueS)) is less than its critical trigger val§&, ). Executing a call option is optimal when
S, is greater than its critical trigger valug,. The “waiting regions” of S, given a,=1 and S, given
a,=1 and x,=0.2 are shown in Figures 2(a) and 2(b). Conversegypthyer will exercise the call option if
the product’s or service’s revenues reach thecaltitirigger valuesg_ As the opportunity value will be
relatively high when the revenue is large, it isio@l to buy immediately.

The impact of increased optimism with respect tgebuevenue(a,) on the critical trigger value is
depicted in Figure 2(a). An increase in, decreases the critical trigger value of buyer neret S, ), which
means more optimistic buyers will accept a lowsereie at the start time of the option. The criticigger
value under risk uncertaintys,, is lower than critical trigger valueS[) when a,=0 and a,=0.25 and
is higher thanS, when a,=0.5, @,=0.75 and a,=1.

The critical trigger value curvess[) for different ambiguity levels in probability digoutions (x,) are

shown in Figure 2 (b). IfS, falls below the critical trigger value curve§,(, the buyer will wait. The
11



impact of an increase ik, also depends on the pessimistic (or optimisticelewf the negotiators.
Increasing x, from 0.1 to 0.2 increases (decreases) the crititgher value S, of very pessimistic

(optimistic) decision-makers.

3 — S* b 3
_SZR a 2R l,'
6 —5(a,=0) . ===15(a,=0,k,=0.1) ,I
\ . ’
| == S(a02) S —— S(a,70.4=02) S v
S P . . ’ R
2 S)(a,=05) R IFYTTH S,(a,=1;=0.) /’ g
4, ----- S (a :075) / * U4 ‘/‘
2t72 o 1 S(a,~1k=02) ¢ P
——S(g.= -~ . s
S{a=1) s P~ r====5Waiting region of
_____ , Waiting /f > ____1S(a,=14=02) 7
| iregion of S g e
_____ — & <, P R s
2 SlaF=1 /",¢".--“ ot
// > ’f‘l““ ‘
s
o LA IS
0 20 40 60 80 0 20 40 60 80

The contract price X The contract price X

Figure 2 (a) the impacts of buyer optimism on tbetact price and (b) the impacts of buyer ambyguit

level in probability distributions on the contractce.Here r =0.08, x4, =0.04, g, =0.15.

3 The implicit zone of achievable agreement (IZOAAunder Knightian uncertainty

In this section we define the Implicit Zone of Aehable Agreement (IZOAA) under Knightian
uncertainty and its existence condition.

A seller under Knightian uncertainty will supply & S(t) <S :L based on equation
A-YBN
(15).
A buyer under Knightian uncertainty will purchasbem S,(t) > S, :L based on equation
1-VB,
(20).

We refer to X; and X, as Implicit Reservation Prices for seller and Wuye negotiation under
Knightian uncertainty. For giver§ (t) and S,(t), we have

X, =@-YB,)\S,t)< X for a seller under Knightian uncertainty
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X, =@-¥YB,)\,S,(t)> X for abuyer under Knightian uncertainty.

The optimal buying and selling strategies are tbvgeen X, <X and to buy whenX, > X . Thus,
we define the regior] X,, X,] determined by implicit reservation prices as aplioit Zone of Achievable
Agreement (IZOAA) under Knightian uncertainty.

Setting an implicit reservation price for a setbetbuyer guarantees the expected profit and corssttie
a -maxmin expected value of seller cost and buyeemae. The contract pric&X is higher than implicit
reservation prices for a selleK(), which makes the seller gain a surplus. GivEp, a higher contract price
X generates greater benefits for the seller. Tohreagotiation agreement, the buyer’s,( should exceed
the contract priceX in order to gain consumer surplus. Setting implieservation prices also allows the

seller or buyer to make informed decisions congideuncertainty preferences.

Theorem 1

The Implicit Zone of Achievable Agreement (IZOAA) under Knightian uncertainty on both
buyer and supplier sides is a generalization of theésk uncertainty cases, including IZOAA under
risk uncertainty on both sides and IZOAA under Knightian uncertainty on one side.

The ambiguity multiplier 4 (defined in Equation (3)) is a generalization @f (defined in Equations
(16) and (21)) because when considering the cas®wiambiguity in probability distributions(=0), A
reduces tog =1/(r -4 ). When T approaches infinity, we obtailM (S (t)) = ¢S (t) which is identical to
the standard expression for the expected presdué wader risk uncertainty (Dixit and Pindyck, P.72)
Therefore, we can justify Theorem 1. When> 0, the ambiguity multiplier 4 incorporates the influence
of a; and «;, and captures very optimistic and pessimistic cagesturns out to be positive since; =0
and r— 4 —ok >0.

Thus, we define the regiopX,,, X,;] determined by implicit reservation prices as aplioit Zone of
Achievable Agreement (IZOAA)Nnder risk uncertainty in the seller’s cost and lthger’s revenue, where
Xir =(1-¥5,)¢,S,t) for a seller under risk uncertaintyX,. = (1-3,)$,S,t) for a buyer under risk
uncertainty.

Theorem 2. (Condition for the existence of IZOAA under double-sided Knightian uncertainty)

Two parties involved in negotiation can reach an agement with each other under Knightian
uncertainty, when the following condition is satiskd

S,(1)/Si(t) > b« (22)

13



— (1_ ]/61 ))‘1 5

where 6, = =15, , 6 denotes the profit space threshold of the ratibuyfer revenue $,(t))
2 2

to seller cost §(t)) when the negotiators exercise the put and cdibopat time t under Knightian
uncertainty.

The threshold §, ) reflects the profit space of signing the suppbytcact. A larger value ob,,
means the cooperation between the seller and ter heads to more profits. While, a smaller valfie&,
means the cooperation between the seller and ther basults in less profits. It is necessary tlagt be
greater than one for profits to be earned. The Bsiyevenue should be larger than a multiple ofgbier’s

cost and 6 .

(1_1/51)¢1 _Then 6&: >‘1/>‘2 .
(1_ ]/62 )¢2 5RR ¢1/¢2

When «; =0 and «, =0, the risk case of6,, becomesd, =

Theorem 3. (The impact of buyer and seller Knightian uncertainty on condition for the existence of

IZOAA)

The relationship between the thresholds of the rati of buyer revenue to seller cost under

Knightian uncertainty 6, andunder risk uncertainty 6, is:

Soe > b6 i 22>

)\2 B ¢2 (23)
Soe <8y if L
A @

Equation (23) shows the relationship betwegr), and ¢, /¢, and determines the relationship
between 6, and Ogs-.

The joint impacts ofa, and a, on the profit space threshold, are illustrated in Figure 3. Since
B,<0 and §,>1, we have dé,, /0a, >0,06,, /da,<0. A more pessimistic perception about seller
costs ) results in a higher profit space threshold. lasieg the optimistic perceptions related to buyer
revenue () results in a lower profit space threshold. Gitles ambiguity level in probability distributions
(x.,1=1,2), very optimistic negotiatorsa{ =0 and «a, =1) accept a lower profit space threshaig, . In
contrast, very pessimistic negotiatorg &1 and o, =0) look forward to the highest possible profit space
threshold é,, . Increasing ambiguity level{, i =1,2) induces a larger range faf,, . When the ambiguity
level in probability distributionsK,, i =1,2) equals to zero, ambiguity perceptions,{ =1, 2) do not affect

o« » Which accords with the definition of the ambigumtultiplier A in Equation (3).
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The profit space threshold,, as a function of the level of ambiguity in prodapidistributions
(x,,i=1,2) for different values of ambiguity attitudesr,(i =1,2) is depicted in Figure 46, is a

non-monotone function of<,. The monotonicity ofé,, with repect to s, depends oniy, where

wlzl_ 01”1(2_“12) . If o, >4, we have by [0k, >0 . Else, 96, /0, <0. The positive

2 (r_Nl) +01k;
relationship betweerx;, and ¢, occurs if the pessimism perception about sellet eq is greater than
Y. If o <y, there is a negative relationship between and 6, .

The effect of k, on §,, exhibits non-monotonic behavior as shown in Figur&/hether 6, rises

)
2 2

(r _Nz)z 03k,

. . . 1
or falls with an increase inx, depends onzpzzz— If «o,<%,, we have

by |0k, > 0. Else, 96, /0k, < 0. This relationship means a buyer with a very lovirojsm tends to
need a higher profit space threshold. If the oimperception of buyer revenue,( is greater thany,,
the buyer views an increase i, as a good opportunity and thus decreases/lowarsptbfit space

threshold ¢, ).

Threshold SRR 8. .. when o =0 =0.1
» _ 1S i — Threshold Kl L 2

5 | e e . 8, When oL =0.=0.9
— 2

’SKK when KJ=K2=(),2

| -

3

4

Opélm.-mp ft‘.\-'rfll of "0 Pessimism level of Ambiguity level in 0 0 Ambiguity level in
uyer’s revenue o, seller’s costa probability distributions x,  probability distributions K,

Figure 3 the impacts ofr; and @, on 6, Figure 4 the impacts ok; and A, on 0,y

Here r =0.08, 1 =0.03, ¢, =0.1.
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To understand how implicit reservation prices cleawen attitudes towards ambiguity, { and

ambiguity level in probability £; ) change, we have Proposition 1 below.

Proposition 1. (Comparative statics for implicit reservation prices under Knightian uncertainty)

For a given valuation at time t, S(t) for i=1,2 the implicit reservation price of a seller (a buyg

increases (decreases) monotonically as pessimisnoabseller costs (optimism about buyer revenues)
increases. The implicit reservation price of a sar (a buyer) is a non-monotone function of the
ambiguity level in probability distributions. There is a critical value for monotonicity.

%>O {8Xi/8/{i >0 if q>7)

day, — OX; [0k, <0 if o <)

2

_1 it (r — )
Where v, =5~ —n )2+0i2/€i2 :

Proposition 1 shows that the seller asks for adrighice if he/she is more pessimisttwout production

costs (0X,/0a, >0). The buyer provides a higher price if he is mantimistic about revenues
(0X,/da, >0). If the pessimism level about seller cost)(is greater than or equal tg,, this seller asks
for a higher price because of an increase in theiguity surrounding probability distributionsx()
(0X,/0r,>0). If «, is less thaniy,, there is a negative relationship between and X,. If the
optimism surrounding buyer revenua,( is greater than or equal t@,, this buyer offers a higher price

(0X,/0k,>0).If «, isless thany,, there is a negative relationship between and X, .

4 Negotiation agreement probability under Knightianuncertainty

In negotiations, parties are often influenced cansty or unconsciously by their assessments o$iptes
alternatives and the probabilities of mutual agreeimnduced from each of these alternatives. &lnsost
always helpful to compare possible probability omes before making a decision during negotiatiomces
the seller cares about costs and the buyer camst abvenues, the negotiation agreement probahdity
affected by the seller’'s cost and buyer’s revefiins section helps understand how negotiation ageet
probability can be determined and studies how casnmn the ambiguity surrounding probability
distributions affect the likelihood of negotiati@agreement for very optimistic and pessimistic deais

makers.
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S(t) and S,(t) follow a lognormal distribution and their two-dimson probability distribution

]2 ] (24)

Where 4, and o, are the expected value and standard variancdog@fs under Knightian

density function is:

2

1

S

logS — sy

Oin

— 2, (logS, — pyy )(109S, — pi )+[ 10gS,— 1 4

O1nO 2N N

h(S.S,)=
210,01 91,SS,

uncertainty. 1 = (1, — 0,6, —%o—f)t, Oin :cri\/f, for i=1,2,00t>0,08 06,. The subscriptN implies
logS follows the normal distributionp,, is the correlation parameter betwe&n and S,.
We find the process followed by S, (e.g. Dixit and Pindyck (1994), P82)
d(SS) = (th= 0B+ o= 0 P+ £ 0 JSS et + (0 dB” +0 dB*)S S (25)

Since the expected value and standard varianc& ofinder Knightian uncertainty are given by

E(S) = 3(0>ex# 4~ o6~ 507}

,std(S) = S(O)\/ exp[2(, — a6 —%o—ft ) exp6’t ) 1, we have

E(SS;) = S(0)S;(0) eXF{ (h-oPtU,~0P+tegF 2)]

(26)
We need to calculate the factgr, to obtain the probability distribution density fition.
_ E(SS,))-E(S)E(S)
12 = (27)
std(§)std(S,)
Substituting E(SS;) into p,,, we have
_ eXp[ —o0bi+p,—of,+e g 2ﬂ_ exﬁ fri—od )+ fo 5708 2)] (28)

Jexp(2(y — o0, ] expe’t »- W exp 2G—0 #,1) (expl ) 1)

Where E[dB/, dB}:] = ¢, dt .

Thus, we obtain the two-dimension probability disition density function forlogS and logs,.

Then we derive the negotiation agreement probghihider Knightian uncertainty.
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Theorem 4 (negotiation agreement probability under Knightian uncertainty)

The negotiation agreement probability under Knightan uncertainty is a generalization of the risk

uncertainty case.

The negotiation agreement probability under Knigihtiincertainty B, is defined by

P« =P(X>X, and X<X,; t)=P(S,<S, and S,>S, t)

2 2
expl — 1 . Y, — Hay — 2, (Y, — 1 )(Yo—po ) +[Y2_NN (29)
B fo f+oc 2(1_ p12> 91N TINO 2N g Y dY
= ) 19T
e 21010 o\ 1= P12
1 1 t
Where i,y = (1, — 01‘91_5‘7?)1: » OIN = 01\/E v Hany = (b — 0202—5022)'[ 1 Oon = 02\/E ’ Y,=In [%] '

Yzzln[SZ(t)], Yl*:ln[i]:ln[ X ] and Y;:In[ S ]:In[ X ]
%(O) (1_ :Vﬂl )>‘181 (O) Sz (O) (1_ :Vﬂz ))‘282 (O)

5,0)
X g X
ST TS W R TR TR Y

Let <, =0 and «, =0, we obtain the expectation and variance®f and logS under risk

uncertainty, s, = (14 _%Uiz)t 1 ONg = Ui\/f , E(SR) = S(0) exp[(y; _%Uiz X1,

std(Sg) = S(O)\/exp[Z(ui —%af } (expg¢/t - 1, i=1,2. The subscriptR denotes risk uncertainty.

Using the same logic as above, we have the negotiagreement probability under risk

uncertaintyPy., :

X
Pr=P(Xxr<X and X,>X; t)= f (@-Y5)6x8,(0) f « h(S,S,)dsds, (30)

The probability that negotiation agreement in Eourest (29) and (30) will be reached depends on the
value of § at time 0, the ambiguity multiplier , the social discount rate , the parameters of Geometric
Brownian motion followed byS as defined in Equation (1).

The negotiation agreement probabilities for veryirostic negotiators ¢, =0 and a,=1 ), very
pessimistic negotiatorax{ =1 and a, =0) and risk neutral partiesx( = x, = 0) are illustrated in Figure 5.
The very optimistic (pessimistic) scenario corregf®to a situation in which the pessimism surronagdi
seller cost is at the lowest (highest) level anal dptimism about buyer revenue is at the highestdst)

level. The very optimistic cases have higher agexgmrobabilities than the very pessimistic caseshe
18



case of very pessimistic decision-makers, the n&imt agreement probability decreases when antlyigui
(«.,1 =1,2) increases, which reflects a conservative attitiodeards great uncertainty. In the contrast, very

optimistic decision-makers increase the negotiaggneement probabilities as ambiguity in probapilit

distributions ;,i =1, 2) increases.
1
Pyk f'""v.," — P
===P (k=01 a,=0,a,~1) |

:'
08 & .
s 0N Pu(.702 a=0.a,=1)

PKK(Ki: 0.1, a= 1,a2= 0)

0 - L] L] = n
500 1000 1500 2000 2500
The contract price X

Figure 5 Negotiation agreement probability for Weey optimistic @, =0 and a, =1 ), very pessimistic case

(a,=1 and a, =0) when «, =0,0.1,0.z, i =1,2
1,=0.03; 11,=0.04; 0, =0, =0.15.

Here t=30; S (0)=6.23;S,(0) =48.03;r=0.08;
When the revenue and the cost functions are indkgperof each other, the probability of negotiation

agreement can have the following closed form smfuti
* 1 2 * 1 2
Y1 _(:ul_o-lel_ao-l)t Yz_(Uz_Uﬂz_Ea )t
1-® (31)
ot

Puc = P(S < SiOP(S, 2 S =@ ot

1
1 Y, — (1, _0292_5022)'[
dy,,

* +OO l
Where P(S, > S;t) = = expl—=
(%251 fY (27ra§t)]/2 g 2 0'2\/E

2

1
. Y —(,—of,— =)t
. Y, 1 10 "1 1 1 5%
PE<Sit)=| ——zexp—> dy;.
f’“’ (27r012t>]/2 2 le/E '
Note that the closed form solution defined in Earat(31) is also a generalization of the risk
uncertainty cases. This includes negotiation agee¢nprobability under risk uncertainty on both

buying/selling sides and negotiation agreementadooity under Knightian uncertainty on one side.
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5 Negotiation power under Knightian uncertainty

Repeated offers and counteroffers constitute a esemu of bargaining games over time. This section
discusses the effects of buyer and seller influesrceegotiation power in the supply chain on thal re
options dynamics of negotiation under Knightianantinty examined above.

In our case, the two parties (i.e., seller and buges to negotiate a contract that would distebat
surplus (e.g., profit) generated from mutual efoltet us assume that the seller's negotiation pasve
~v€[0,1] and then the buyer’s negotiation power(is-v). From the generalized Nash Bargaining game
(Gurnani and Shi, 2006; Nagarajan and Sosic, 20f)n et al., 2011), a contract price is determiasd
follows:

X = (L=, + W, (32)

Equation (32) shows that the contract price is eguahe weighted sum of the expected present
discounted value ofS(t) inthe a-maxmin expected value framework.

The buyer’s payoff function with negotiation powarder Knightian uncertainty is defined by
U, (W, W,) = maxER” {S,(t) — X} =(1—7) maxEX" {[S,(t) — S(O1} =L —») max{V( 9} (33)

Where V(1) =W, (t) —W,(t), V(t)is the total discounted surplus of the supply amtir\ (t) =AS(t),
i=12.
The seller’s put option value with negotiation powader Knightian uncertainty is
U, (W, W) = maxER” {X — (0} = ymax{V/(t} (34)

The seller and buyer have the same objective ofimiaixg the total option valué/(t) . Their option
value is a function of their negotiation power. Eactability, we define
W, (£)/W, (1) = Z (35)
Where z reflects the ratio of ther -maxmin expected valueW,(t) that is the a -maxmin expected
value of S(t), and W,(t) the a-maxmin expected value 0&,(t).
According to equation (35), we have
V(t) = (z—1)W,(t) (36)
Equation (36) shows the total discounted surplughef supply contractV(t) depends onz and
W (1)
For given negotiation powers for each party, thgeis call option value and the corresponding optim

time to purchase under Knightian uncertainty caddréved as follows:
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d,(\,S,)%(\S) ™ if .
uz(wl,wz)z{ 2(\S,)* (\S) it 2<7, (37)
(1_7))‘252_(1_7))‘181 if 221,
1_y * l_bZ * Q 1
Where d, =—=|z , 2= = ,
2=, (2) g,
—ok,— (-0 ])+102 1,2Y
bz 1 /'12 2 2 ﬂl :{( 2 1 1 /,12_0.2/(2_(/,/1_0':{(])"'50-1 2r L
=== + || == + >1.
2 012‘5120102+022 2 05‘51?? 2+022 021‘5 99 2“022
The corresponding put option value for the seBer i
b b 3
U, (W, W,) = d,(A,S)>(AS) !f z< Z*l (38)
YAS, —7AS, if z>z
* * * 1_b2
Where zl:zzzbzi_l, dlzé(zl)

Z, (that is equal toz ) denotes the exercise boundary for the call artdoptions and reflects the
space profit of the ratio of ther -maxmin expected value of buyer revenue to thanaxmin expected
value of seller cost and becomes the exercise lawyridr the call or put option. Whez is less than the
ratio threshold z,, the total option value is too low for cooperatimnmutual agreement. Then neither the
buyer nor the seller will sign the supply contrasthen z is larger than the ratio threshold (that is

equal to Z ), it is worth cooperating.
Theorem 5. (IZOAA with negotiation powers and its existence condition under Knightian uncertainty)

The Implicit Zone of Achievable Agreement (IZOAA) with negotiation powers is a generalization
of the risk uncertainty case, including IZOAA with negotiation powers under risk uncertainty on
both sides and IZOAA with negotiation powers undeiKnightian uncertainty on one side.

If we consider the case without ambiguity in prabgb distributions «;, =0, A reduces to
@ =1/ (r — 1) (as defined in Equations (3), (16) and (21)). Theopof this theorem is in line with Theorem
1.

The buyer’s call option value and the correspondiptymal time to purchase under risk uncertainty in
both seller costs and the buyer revenues can beedeas follows:

d2R (¢2sz)b2R (¢1S])17b2R if z< Z*R

A—7)p,S,— A—v)p,S, if z> Z*R (39)

Uz(\N1R7W2R):‘[
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b

1=y« \Iber 1 1 *
Where  d,g =—=(2zp : &, = ' — , o=
bzR( ) tor— Lo, " b1
1 1 2
(ﬂz‘:ul"'alzj 1 Hy =+ 0% or
bz =_- 2 + (| —— 2 + .
"2 012_512‘7102"'022 2 Ui—£1g9'2+0'22 le_glgq 2"02:
if z<Z,
(40)

le (¢282) e (¢1S]_)17b1R
if z>7g

The corresponding put option value under risk utadety is
V9,S, — VDS,

Ul(VVlR’WZR) :‘[
Do dir :Q_J;(ZIR )l_blR .

Where by =b,y, Z,=27Z5% = b, 1
Figure 6 depicts the impact of the level of ambiguity in prdlaldistributions (x; or k) on the

exercise boundary for the call and put optiorzs).(

. o
1.5.8 =
0.15

0.1
0.05

00 o .

Ambiguity level in

probability distributions

Ambiguity level in
probability distributions i,

Figure 6 the impacts ok; and «, on the ratio of W, to W,
Here r =0.08, 1, =0.03, 1, =0.04, 0, =0.15, ¢£,=0.1, i =1,2.

According to the optimal discounted space prdt (that is equal toz,) and combining Equations

(32) and (37), the seller can obtain a relationdigpwveen S and the seller’s implicit reserve price with
(41)

S,

b,—1

negotiation powerX,” (see Moon et al., 2011).
Xlnp :[bz_(l_’Y)
Similarly, the relationship betweefs, and the buyer’s implicit reserve price with negban power
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XP = [M \,S, (42)

b,

Similar to Section 3, we define the Implicit Ression Prices for seller and buyer but this timehwit

negotiation power. Thus, we define the regjon™, X *] determined by implicit reservation prices as an
Implicit Zone of Achievable Agreement (IZOAA) witiegotiation power under Knightian uncertainty ia th
seller’s cost and the buyer’s revenue.

Two parties incorporating negotiation powers unther two-sided Knightian uncertainty can reach
agreement, when the following condition is satisfie® < X < XJ*. Then to achieve mutual agreement,

X3® should be greater thaX,”.

Theorem 6. (Condition for the existence of IZOAA with negotiation power under Knightian uncertainty)

Two parties incorporating negotiation powers underthe Knightian uncertainty can achieve

mutual agreement, when the following condition isatisfied:

S/S > bk (43)
M

Where 6, = ———— .6 denotes the profit space threshold with negotiagiower of the ratio

(1_]/b2)>‘2

of buyer revenueS,(t) to seller cosg (t) attime t under Knightian uncertainty.

Theorem 7. (The impact of two-sided Knightian uncertainty with negotiation power and the existence

condition of the IZOAA)

The relationship between the threshold with negotigon power under Knightian uncertainty (éz% )

and the threshold with negotiation power under risk (65 ) uncertainty is

n n H >\1 ¢l
b = 0 1f >
(1_]/bz>>‘2 (1_ 1b2R>¢2 (44)
T T S S —.

(1-2b,)A; (1~ 1by)é,
Equation (44) shows the relationship betwegh and ¢ is determined by\, \, ¢, ¢,, b,
and b,,.
Figure 7 shows hows,; depends ona, and a,, which is in line with the dynamics described in

Figure 3. More pessimism about seller costg) fesults in a higher profit space threshold. Iasneg the
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optimistic level surrounding buyer revenues, ) results in a lower profit space threshold. Largglues of
k, and k, produce a wider range fof;, with respect toa, and a,. When «,=«,=0, 6. does note
depend ona;, and a,. Very pessimistic (optimistic) negotiators exptet highest (lowest) possible profit
space threshold,, .

The profit space thresholdy;, as a function of the level of ambiguity in probapidistributions
(«,,i=1,2) for different ambiguity attitudesa(,i =1,2) is shown in Figure 8. Results are comparable to

those in Figure 4. Wheny, >, or «, <1),, an increase ink; undermines agreement potential, where

E_ ok (N =)
2 (r—y )2 +o’k}

Y = , 1=1,2. When o, <%, or «,>1,, an increase ink; encourages negotiation
agreement.

5P 5P 4 —y —
when ol =0l_=(.1
o KK ) %

— o™
|6 whenx =x.=0.1 Rx np
snp kK [ e aKK when D£1,=0t2=0.9
KK :
i Sﬁ when K1=K2=O. 15 -
A

0.15

0.5 0 00
Optimism level of Pessimism level Al_’llbl'C%Uily level in  Ambiguity level in probability
buyer’s revenuect, of seller’s cost o probability distribution k) ~ distribution x

Figure 7 the impacts ofy, and @, on &gy Figure 8 the impacts ok; and K, on &y,
Here r =0.08, 4, =0.03, 1, =0.04, 0, =0.1, £,=0.1, i=12.

Proposition 2. (Comparative statics for implicit reservation prices with negotiation power under
Knightian uncertainty)

There is a positive (negative) relationship betweethe seller’s (buyer’s) negotiation power and his
implicit reservation price. The derivatives of impicit reservation prices for a seller and a buyer wh

negotiation power (X, and X}*) with respect to o, and x, are akin to the results without
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negotiation power of Proposition 1.

OX® 5 OXF

’ <Ol
Oy ol—7)

X® _ OX™ [0k, >0 if o, >
oy~ |OX™[oK, <0 if o <yh®

where i =1,2, ™ =4 1ok (rz_”‘) , v and 1—~ stand for the negotiation power of
2 (r—w) 4o’

seller and buyer, respectively.

From the derivatives ofX;® with respect to seller negotiation power, if the seller has more
negotiation power, he/she tends to trade at a high@ract price which generates higher benefitsil&rly,
increasing the negotiation powdt—~) results in a lower implicit reservation price the buyer who also

aims for higher revenues.

6 Conclusion

In this contribution, we examined the real optia@ymamics of bilateral price negotiation under Knigh
uncertainty using multiple-priors. Besides genemadj risk uncertainty results found in previouseash,
our findings highlighted the moderating effect adgntiators’ perceived ambiguity (i.e., pessimisnd an
optimism) on the process of negotiation and itatesl outcomes and provided insights into the foath

of robust optimal (buying/selling) strategies fagotiation under scenarios of deep uncertainty. rGanlels
also helped us identify conditions under which nbuagreement is warranted with and without negotiat

power.
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